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ABSTRACT. Given a maximal order £ in a rational definite quaternion algebra,
and a prime £ coprime to the discriminant of ©, this paper considers subsets
of O consisting of elements with £-power norms that together generate O as
a Z-algebra. We prove two theorems about the existence of such sets: the
first states that © is generated by elements of norm £* for any k larger than
an explicit bound, and the second states that there is a generating set for O
consisting of at most three elements, each with norm a power of £. We discuss
implications for the study of supersingular isogeny graphs. As steps towards
these theorems, for quaternion orders O that are not necessarily maximal, we
also prove structural results about the algebra of Brandt matrices for O and
explicit bounds on the coefficients of the theta function of O. Computational
experiments are also discussed.
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1. INTRODUCTION

The principal results of this paper concern generating sets for certain orders in definite
quaternion algebras, where essential use is made of the theta functions of these orders. As
we shall explain, the project is closely related to questions of current interest in mathe-
matical cryptography, but it equally has its roots in several other areas of mathematics:
lattices and their generating sets, counting representations of integers by quadratic forms,
quaternion algebras, and the theory of Brandt modules, which allows us to relate the ideal
theory of quaternion orders to modular forms. This paper contributes to all of these areas.

For ease of exposition, we will focus in the introduction on the case that A, is a definite
quaternion algebra over QQ ramified only at p and co, and O is a maximal order in Ap;
such orders arise as endomorphism rings of supersingular elliptic curves over an algebraic
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closure F,, of a finite field F,. Fix a prime £ # p. In | , Theorem 1.1] it is proven
that there exists a subset C' C 9 such that the norm of each z € C' is a power of £ and C
generates O as a Z-algebra:' that is, every element of © can be written as a Z-linear
combination of products of elements in C, including the empty product 1 € . In this
paper we prove effective bounds on these generating sets. Our main result is a bound on
the norms of the generators.

Theorem 1.1. Let p and ¢ be distinct primes, and k a positive integer with VAT 3pk.
For any mazimal order O C A,, the elements of norm £* in O generate O as a Z-algebra.

For example, these assumptions hold if p > £'7 and k > 3log,(p). A more general
version of this result — applicable to maximal orders in any definite quaternion algebra
over Q — is proven in Theorem 7.2.

Along with bounding the norms of elements of the generating set C', we also prove a
sharp bound on the number of elements in C.

Theorem 1.2. For any mazimal order O in A,, there exists a set of at most three
elements, each with norm in {€* : k > 1}, that generates O as a Z-algebra.

This is a special case of Theorem 8.2, which generalizes this result to arbitrary definite
quaternion algebras A over Q and replaces the set of allowable norms {¢* : k > 1} with
any infinite set of positive integers coprime to the discriminant of A.

1.1. Motivation: cryptography and otherwise. A primary motivation for these re-
sults arises from the perspective of cryptographic protocols based on supersingular iso-
genies and the associated isogeny graphs. These directed graphs are constructed as fol-
lows: one fixes two distinct primes ¢ # p. The vertices of the graphs are supersingular
Jj-invariants in characteristic p, of which there are about p/12, all of which are in F,2.
Outgoing edges from a vertex jo correspond to isogenies of degree £ from a preselected
elliptic curve with j-invariant jo, considering two isogenies as the same if they have the
same kernel. This is thus a directed graph, which is (£ 4+ 1)-regular for outgoing edges.
This defines the supersingular ¢-isogeny graph G(p,f). These graphs and their various
generalizations have been studied intensively in recent years, largely motivated by their
cryptographic applications (| | contains references to the relevant literature). How-
ever, supersingular graphs were studied prior to their use in cryptography, notably by
Mestre | | in the context of calculating spaces of modular forms and Pizer | | in
the context of Ramanujan graphs.

In | |, Charles, Goren, and Lauter introduced a cryptographic hash function
(henceforth the “CGL hash function”) based on supersingular isogeny graphs, which was
later suggested for use in post-quantum cryptography. While the jury is still out on the
general applicability of this construction, there is no doubt that a host of fruitful math-
ematical questions arose, and many interesting developments concerning elliptic curves,
complex multiplication and quaternion algebras have been made in that context. This
paper contributes further to this growing field.

The basic construction of the CGL hash function is as follows: the input message, a
string M of 0’s and 1’s of large length, is to be converted into a shorter string, the hash
value. One chooses a large prime p and a small prime ¢; for instance £ = 2 and (currently)
p ~ 2°% are good choices. The original string M is converted in some deterministic
fashion into directions for walking the supersingular isogeny graph G(p,{) starting at
some publicly known initial vertex jo that is part of the protocol. The hash value is the
final vertex j the walk reaches, which in turn can be encoded in some fashion as a string
of 0’s and 1’s (of length about 1000, for the parameters mentioned above).

n fact the cited result proves that C' generates O as a Z-module, but in this paper we focus
primarily on generating sets of Z-algebras.
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The key underlying hardness assumption for the above hash function and other cryp-
tographic constructions based on supersingular isogenies is the computational difficulty
of finding isogenies between supersingular elliptic curves, often referred to as the Isogeny
Problem. This problem was shown to be equivalent, under polynomial time reductions,
to the Supersingular Endomorphism Ring Problem | |, building on earlier work
[ , |. Given a prime p and a supersingular elliptic curve F defined over
F,2, the Supersingular Endomorphism Ring Problem asks to find four endomorphisms of
E in an efficient representation that generate the endomorphism ring of E as a lattice.
Each cycle in a supersingular /-isogeny graph through a vertex jo produces an endomor-
phism of the associated elliptic curve Ey by composing the isogenies associated to each
edge in the cycle. Modulo certain details concerning curves with extra automorphisms,
one can build a dictionary between cycles in G(p, £) and endomorphisms of ¢-power degree.
In particular, one can ask whether such cycles generate the endomorphism ring of Ey, and
if so, how many of them are needed.

The Supersingular Endomorphism Ring Problem is also equivalent to that of deter-
mining, given E and p as above, the maximal order © in the rational quaternion algebra
A, ramified only at p and co which is isomorphic to the endomorphism ring of E. These
different problems related to isogenies and the relevant literature on them are discussed
in | |. The computation of endomorphism rings was first studied by Kohel in his
thesis | |, where he proposed an approach based on finding cycles in G(p, ¢). Later
work determined necessary and sufficient conditions for two such cycles to generate a
finite-index subring of O | ]. There are algorithms that use such a finite-index
subring to compute the entirety of O (see e.g. | |), but the output of these algo-
rithms is typically not a description of O purely in terms of cycles of G(p, ). In | |
it was shown that such cycles do generate the entirety of O, but the results were not
effective: no bound on the number of cycles required or the lengths of such cycles was
given. Theorem 1.1 and Theorem 1.2 give explicit bounds.

More broadly, one is led to a natural question in the theory of lattices: given an integral
lattice A and a set S of positive integers, is A generated (as a Z-module) by vectors whose
norms lie in S? General results concerning this can be found in | ) |. To
approach this problem one may consider the sublattice of A spanned by elements with
norm in S, and ask whether it equals A. This in turn leads to a natural follow-up question.
Given a pair of integral lattices A1 2 A2 of the same rank with associated theta functions
Oa,,0n,, their difference 65, — 64, is a nonzero modular form of a certain level and weight
determined effectively by properties of the lattices with non-negative Fourier coefficients.
One can then ask, how large are the coefficients of the terms of this form with exponent
in S? While this question may be posed for arbitrary lattices, our results in this direction
rely on the multiplicative structure of an order in a quaternion algebra, a property general
lattices lack. In the case of a singleton S = {Ek} for an appropriate value of k, we
prove that the associated coefficient is positive when A; is a maximal order in a rational
definite quaternion algebra and As is any suborder (Proposition 1.3 below); this is the key
ingredient in the proof of Theorem 1.1.

1.2. Discussion of results. We now turn to a more in depth discussion of the results
of this paper. Let A be any definite quaternion algebra over Q, and O a maximal order
in A. Our aim is to prove effective results on generating sets of O consisting of elements
with norm a power of /.

1.2.1. Bounding norms. Our main result is the existence of a generating set C for O with
elements whose norm is an explicitly bounded power of a prime ¢ (Theorem 7.2). To
obtain this, we prove explicit bounds on a,(O), the number of elements of norm n in an
order O C A. Let ¢ denote Euler’s totient function.
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Proposition 1.3 (cf. Proposition 7.1). Let O C A be an order, £ { disc(A) a prime, and
k > 1 be an integer. If O is maximal then
o2 Mo
~ ¢(disc(A)) -1

ap (0) — 12k0*+D/2

and if O is not maximal then

< 16 g
~ P(disc(A)) -1

Theorem 7.2 (and Theorem 1.1) follows fairly directly from these bounds. Namely, let
Z|C] denote the Z-algebra generated by the set C' consisting of all the elements of O of
norm ¢*. The assumptions on k ensure that O contains strictly more elements of norm £
than any non-maximal order, so the order Z[C|] must be maximal, that is, Z[C] = O.

We have thus reduced to a question about bounding a,(O), the number of elements
of norm n in an order ©® C A. To motivate our approach, we first describe a classical
method for counting the number of elements of each norm in an integral lattice, and then
explain where the approach breaks down and the modifications we make. We begin by
considering the theta function of O,

00(q) =Y _ an(0)q".
n=0

am(0) + 12k +D/2,

If we evaluate this expression at ¢ = e2™** for z in the upper half plane, the result is a
modular form of weight 2 and level I'g(V) for some positive integer N which depends only
on the structure of O as a lattice. Classical results about modular forms tell us that there
exists a decomposition

fo(q) = E(q) + Z cifi(g™)

where F is an Fisenstein series, and for each i = 1,...,m, f; is a newform of some level
M;, M; | N, d; | (N/M;), and c¢; is a constant. We can therefore compute a,(O) by com-
puting the coefficients of each modular form on the right. Eisenstein series have explicitly
computable coefficients, and while the coefficients of newforms are more mysterious, their
growth is precisely controlled by the Deligne bound. This approach allows us to write
an(O) as the sum of a main term, namely the coeflicient of ¢" in E(q), and an error term
coming from the newforms. When we restrict to a set of positive integers n satisfying
certain mild constraints (for example, being coprime to N is sufficient), we can then prove
that the main term dominates the error term for sufficiently large n, giving us asymptotic
formulas for a,(0).

The downside to this approach is that a priori, we have no control over the coefficients
¢i, which means that it is impossible to obtain effective bounds using this approach; this
problem arises because we only used the fact that 0o lies somewhere in the vector space
of modular forms with given weight and level. Instead we consider a slightly modified
approach, which takes advantage of the algebraic structure of quaternion orders in order
to show that 0o lies fairly close to the origin in this space of modular forms.

To do this we define the Brandt module M(O) of O, which is a vector space with
basis vectors v1, ..., v, corresponding to invertible right-ideal classes [I1],..., [Is] of O;
we typically order the basis so that [I;] is the principal right-ideal class. The Brandt
module comes equipped with Brandt matrices B, for all n > 0, which are linear maps on
M(O) that measure relative containment of ideal classes (Section 2.5). The structure of the
Brandt module together with its Brandt matrices may be thought of as a noncommutative
analogue of the ideal class group of an order in a number field. In the case that O is a
maximal order in 4,, the Brandt matrix B, for prime ¢ # p is an adjacency matrix for
G(p,¥). For more information see for example | |. An important result we need about
the Brandt algebra is the following.
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Theorem 1.4 (Theorem 3.1). Let O be an order in a quaternion algebra over Q. The
Brandt matrices B,, for all n > 0 pairwise commute.

Remark 1.5. We could not find this result in the literature; most sources only prove this
for maximal orders O, or for operators B, with n coprime to the discriminant of O. We
note that the behavior of Brandt matrices B, for primes ¢ dividing the discriminant can
be quite subtle. Many existing approaches to proving results of this form do not apply in
the cases we need: see Section 3.1.

We then define a symmetric bilinear pairing © on 9t(O) valued in the space M2 (T'o(N))
of modular forms of weight 2 and level I'g(N). This map generalizes the notion of theta
function to the entire Brandt module: 20(v;,v;) for each 4,j is the theta function of
some lattice in A, with 20(vi,v1) = 6o (Lemma 5.5). Under this map, simultaneous
eigenvectors for all Brandt operators are sent to modular forms that are eigenvectors for
all Hecke operators T, with n coprime to N (cf. Lemma 5.6). We can therefore prove
the following decomposition, which should be thought of as a modification of the classical
decomposition into Eisenstein series and newforms.

Theorem 1.6 (Theorem 6.1). Let O be an order in a definite quaternion algebra over Q,
and let h be the class number of O. For some positive integer N, there exist modular forms
fi,... fn € M2(To(N)) such that

e cach f; is an eigenvector for the Hecke operator T,, for all n coprime to N,
e the coefficient of q in each f; is equal to 1, and
e there exist c1,...,cn > 0 withc1 + -+ + ¢, = |0 and

0o(q) = c1fi(q) + -+ cnfnl(a)-

The new key input here is the non-negativity of the coefficients c;, from which we can
conclude that the cuspidal contribution to this sum is effectively bounded.

Unfortunately, because the forms f; occurring in this decomposition are not necessarily
Eisenstein series or newforms, we do not have as precise control over their g-expansions.
To handle this, we restrict our attention to maximal orders as well as submazimal orders,
those orders O that are contained in a maximal order £ with no other order strictly
between the two. We classify the possible structures of submaximal orders (Lemma 4.2)
and then we consider the possible g-expansions that the forms f; from Theorem 1.6 may
take in each case. This part of the proof is by far the most technical, but the end result is
the recovery of a similar decomposition as the one found in the classical case: some forms
are “Eisenstein-like” in that their coefficients are explicitly computable (Section 6.2), and
others are “newform-like” in that their coefficients can be effectively bounded (Section 6.3).
Putting these results together yields explicit lower bounds on a, () when O is maximal,
and explicit upper bounds on a,(0) when O is submaximal; because any non-maximal
order is contained in a submaximal order, this upper bound then applies to arbitrary
non-maximal orders, which gives the desired bounds as in Proposition 1.3.

1.2.2. Bounding number of generators.  Finally, we turn to bounding the number of
elements in a generating set, namely Theorem 8.2. For this proof we largely follow the
methods developed in | |, namely the use of a local-global principle for lattice cosets

[ , Theorem 6.6.1]. A direct application of this local-global principle can easily
produce a Z-algebra generating set C for © with |C| < 6. To get the bound down to
three (the best possible, see Remark 8.3) requires one key new idea, which is to produce
two elements «, 8 € O which generate quadratic orders with coprime discriminants; after
this, the third element can be selected so that locally, prime by prime, it fills out the rest
of 9. The main tool that allows this process to work is Lemma 8.8, which says that given
a local order O, and an element x € O, such that 1,z can be completed to a basis of Oy,
it is in fact possible to complete it to a basis of the form 1, z,y, xy where y has (almost)
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any desired norm. We note also that the proof shows that © is generated as a Z-module
by at most seven elements; see the discussion following Theorem 8.2.

1.3. Outline. The proof of Theorem 7.2 (of which Theorem 1.1 is a special case) is
the focus of Section 2—Section 7. In Section 2 we introduce the tools needed from the
theory of quadratic forms, lattices, and quaternion orders, building up to the definition
of Brandt matrices. Section 3 proves commutativity of the Brandt algebra. Section 4
classifies submaximal orders, and then proves special properties about the Brandt algebras
of specific types of submaximal orders.

In Section 5 we turn to the theory of modular forms, including an introduction of the
theta operator and its properties. Section 6 proves Theorem 1.6 and studies the Fourier
coefficients of modular forms coming from simultaneous eigenvectors of Brandt matrices
of maximal or submaximal orders. The above work culminates in Section 7, which proves
bounds on the number of elements of norm £ in a quaternion order and uses this to prove
Theorem 7.2.

We note that Section 4.3 and Section 6.3 are devoted to careful analysis of special
cases: these sections investigate Brandt algebras of specific submaximal orders and the g-
expansions of associated theta functions. The reader aiming to understand the big picture
can come back to these sections as needed.

In Section 8 we prove Theorem 8.2. In Section 9 we report on some computational
experiments.
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1.6. Notation. Here we collect any notation that is used in more than one section, to-
gether with either our running definition or convention, or a reference to the place where
it is defined.

¢ is a prime number

F; is a finite field with ¢ elements

F, is an algebraic closure of Fy

Q¢ is the field of f-adic numbers, with valuation ring Z,

Qg2 is the (unique up to isomorphism) quadratic unramified extension of Qg, with
valuation ring Z,»
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A is a definite quaternion algebra over Q

A is a lattice in A; we write O for orders, I, J for invertible right O-ideals, and

9O for maximal orders.

e pis a prime number dividing disc(A) (Section 2.2)

r is a prime number dividing disc(O) (Section 2.2) but not dividing disc(A)

o A;:= ARqeQ and Ay := A®zZ, are completions at £. One mild abuse of notation
is that we also use subscripts I, I2,... for lists of invertible right O-ideals, in
which case we write (I;), for the completlon We avoid using both unindexed and
indexed ideals in the same section, so the meaning of I2, for instance, should be
clear from context.

e h is the class number of O (Section 2.4)

For A € M, (R) (the ring of n X n matrices with entries in the commutative ring

R), A(i,j) is the entry of A in row ¢ and column j

q = ¢*™% for z in the upper half plane of C (Eq. (14))

(-,-): Eq. (1) if the inputs are in A, Eq. (3) if the inputs are in 9(O)

An(u): the eigenvalue of an eigenvector u € 9(O) under the action of B,

U1, ..., up € M(O): a normalized Brandt eigenbasis (start of Section 6)

S-eigenvector: an eigenvector for every linear operator in S

Nk is the field norm of a finite field extension K/F

disc(x) = trd(z)? — 4nrd(x), x € A

Section 1.1: G(p,?)

Section 2.1: A, Spany(C)

Section 2.2: @&, nrd(«), trd(a), nrd(A), (o, B)a

Section 2.3: R[C]

Section 2.4: Or(I), Or(I), [I], Gen(I), J Cn I

Section 2.5: I1 = O, Ia,...,In, M(O), vi,...,vn, Bn, B(0)
Section 3.2: by (7,7), M (J I)

Section 3.3: Men (x, Oy), Ngn( )

Section 4.2: M (0), e, €

Section 4.3: W, E

Section 5.1: Ma(T'0(N)), S2(To(N)), S3*V(T'o(N)), T, T, T*"
Section 5.2: 0o, an(O), ©

Corollary 6.3: g

Proposition 6.5: g, (O)

2. BACKGROUND: QUATERNIONS

For more information on the topics in this section, the authors refer the reader to
[ |. Throughout we use F to refer to a field of characteristic 0, and R C F a principal
ideal domain with field of fractions F'. We will specifically consider F' = Q and R = Z, or
F = Q¢ and R = Z; for some prime ¢, or ' = R =R.

2.1. Lattices. Let V ~ F™ be a finite-dimensional F-vector space. An R-submodule
A C V of rank n is called a lattice over R (or an “R-lattice”). In this case we have
A®r F =V. In the case R = Z we simply call A a “lattice.” Given a subset C' C A, we
write Spang(C) for the R-lattice generated by C; that is, the minimal R-sublattice of A
that contains C'.

Let (-,-): AXx A — F be a nondegenerate symmetric bilinear form on A (which extends
uniquely to a bilinear form on V' by tensoring with F'). We say that A is integral with
respect to (-,-) if (x,y) € R for all z,y € A, and that A is even integral with respect to
(-,+) if (z,x) € 2R for all x € A. Note that any even integral lattice is integral because

2z, y) = (z+ y, z+y) — (z,z) — (y,y). If A and A’ are R-lattices with respective bilinear
forms (-,-) and {-,-)’, we say a map ¢ : A — A’ is an isometry if it is a bijection with
(6(z), $(v) = (x,y) for all 2,y € A.
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Definition 2.1. Given an R-lattice A C V equipped with a nondegenerate symmetric
bilinear form (-, -), the dual lattice of A (with respect to (-,-)) is

A ={aeV : (a,z) € Rforall z € A}.

If R=7 or R = Z; for a prime ¢, we define the level of A (also called the “Stufe” by some
authors) to be the minimal positive integer N such that A% is an even integral lattice with
respect to the bilinear form (z,y) — N(z,y).

Let V be a vector space over Q. For a lattice A C V and a prime £ € Z, we define the
completion of A at ¢ to be the Z,-lattice Ay := A ®z Z¢. A bilinear form A x A — Q
induces a bilinear form Ay, x Ay — Q¢ for each prime ¢. The local-global dictionary
for lattices in V states that given any fixed lattice A° C V, there is a bijection between
lattices A C V and tuples of lattices (A¢) over primes £ that satisfy Ay = AY for all but
finitely many ¢ | , Theorem 9.1.1, Lemma 9.5.3].2 A property of a lattice A is local
if it holds for A if and only if it holds for A, for all primes ¢. For instance, being an
integral or an even integral lattice is a local property. The dual and level of a lattice can
be computed locally, in the sense that they are uniquely determined by the duals and
levels of the completions at all primes.

We finally note one elementary but useful property about lattices that will be used to
check whether a certain set generates the lattice.

Lemma 2.2. Let A be a lattice, A" C A a sublattice, and ¢ a prime. If A’ surjects onto
A/EA under reduction mod (A then Ay = Ay.

Proof. Follows by Nakayama’s Lemma or by a matrix determinant computation. O

2.2. Lattices in quaternion algebras. A quaternion algebra A over F is a (non-
commutative) central simple algebra of rank 4 over F. All quaternion algebras over F
can be given an F-basis {1,1,j,i)} such that iZ = a,j2 = b,ij = —ji for some nonzero
a,b € F. With respect to such a basis we can define the standard involution on A by
t+ zi+ yj + zij = t — a1 — yj — zij; we then define the (reduced) trace of a quaternion
element o € A as trd(a) = o + @ and the (reduced) norm as nrd(a) = a@. Since
no other notion of trace or norm appears in this paper, we will usually drop the word
“reduced” for convenience.
Using the trace, we have a nondegenerate symmetric bilinear form on A,

(1) {a, B) := trd(af) = nrd(a + B) — nrd(a) — nrd(B),

which we call the trace form on 4. This bilinear form induces a quadratic form Q: A —
F given by the reduced norm, Q(a) = nrd(a) = 1 (a, @).

Now suppose A is a quaternion algebra over Q. For any field extension F/Q, A®qF is
a quaternion algebra over F'. We say A is definite if A ®g R is isomorphic to a division
algebra over R (the classical Hamilton quaternions). Otherwise A is indefinite, in which
case A®gR = M3 (R). In a similar way, we say a prime p € Z ramifies in A if the algebra
A®qg Q) is a division algebra, otherwise p splits in A and A ®q Q, = M2(Q)) is a matrix
algebra. The discriminant disc(A) of A is the product of primes that ramify in A.

If A C A is a lattice, the set {nrd(z) : + € A} C Q generates a finitely generated
Z-module, which is cyclic because Z is a principal ideal domain. We define the norm of
A, nrd(A), to be the positive generator of this Z-module.

Definition 2.3. Given a lattice A in a quaternion algebra A over QQ, we define the
normalized trace form on A by

o trd(ag)

<Ol7ﬁ>A T Ma Oz,ﬁGA

2All lattices in V have the same completion at the infinite place, A® R = V @ R, so it suffices
to consider the finite places.



GENERATING SETS FOR MAXIMAL QUATERNION ORDERS 9

For any o € A, trd(a@) = 2nrd(a) is an even integer multiple of nrd(A), so the
normalized trace form equips A with the structure of an even integral lattice. Given a
prime ¢, we may equip Ay = A ®z Z; with the bilinear form induced from the normalized
trace form on A.

Lemma 2.4. If (b1, b2, bs,bs) is a basis for a lattice A in a quaternion algebra A over Q,
then

(2) det({bi, bj)a)1<ij<a €Z

is a perfect square that does not depend on the choice of basis.

Proof. This value is an integer because A is an integral lattice with respect to (-,-)a,
so it suffices to prove that it is a square in Q. Let A9 C A be the lattice with basis
(b1, b5,b5,b%) = (1,1,j,1j). There exists a positive integer m such that mA C Ao, and
1 _
det((bi7 bj>A)1§i,j§4 = m det(trd(mbimbj)ﬁgi,jgz;
[AO : mA]2 157
= ——— = det(trd(b;b; i
msnrd(A)4 € ( r ( T ]))1§ J<4
[Ao : mA)? 2
=——"=-(4ab
mgnrd(A)4( ab)”,
with the second equality holding by the proof of | , Lemma 15.2.5]. O

The (reduced) discriminant of A, denoted disc(A) € Z, is the positive square root
of the quantity (2) in Lemma 2.4.

2.3. Quaternion orders. Let A be a quaternion algebra over F. An order in A is an
R-lattice O C A (Section 2.1) that contains 1 and is closed under multiplication. For any
x € O we have nrd(z), trd(z) € R. Given a subset C C O, we write R[C] for the R-algebra
generated by C'; that is, the minimal suborder of O that contains C.

Let O be an order in a quaternion algebra A over Q. Since nrd(Q) = 1, the normalized
trace form on O agrees with the trace form on A. In particular, any order O is an even
integral lattice with respect to the trace form. We call the dual of O with respect to the
trace form the codifferent Of of ©. Note that ©f D O.

We note here an equivalent definition of level, specific for orders in quaternion algebras
over Q (this is the definition given in | | and | |, for example).

Lemma 2.5. For an order O in a quaternion algebra A over Q, the level of O as a lattice
(with Tespect to the trace form) is equal to nrd(Of)~!.

Proof. For any integer n, the bilinear form (z,y) — ntrd(z7) gives O the structure of an
even integral lattice if and only if nnrd(z) € Z for all z € O*%. This holds if and only if

nard(0)Z = n{ord(z) : z € O} C Z,

which in turn holds if and only if n € nrd(©*)~'Z. Since O* contains 1, nrd(1) = 1 is an
integer multiple of nrd(OF) by definition, so nrd(O*) must be the reciprocal of a positive
integer. Thus N = nrd(®*)~! is the smallest positive integer in nrd(O*)~'Z. O

Definition 2.6. Let O be an order in a quaternion algebra A over F. We say O is
maximal if it is not strictly contained in another order of A. We say O is Eichler if
O = 01 N O7 is an intersection of two (not necessarily distinct) maximal orders @7 and
0.

For a lattice A in a quaternion algebra A over Q, the properties of being an order, a
maximal order, or an Eichler order are all local properties. The discriminant and norm of
A can be computed locally. For an order O C A, the (reduced) discriminant of O is equal
to [O : O]disc(A), where O is any maximal order containing O.
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2.4. Ideals and ideal classes. In this paper we work primarily with right orders and
right ideals, but all definitions given in this section have analogous left-sided versions.

Let A be a quaternion algebra over F. The right order of an R-lattice I in A is the
order Or(I) = {a € A | Ia C I}. If O is an order, we say that a lattice I is a right
O-ideal if Or(I) 2 O.

Now suppose O is an order in a quaternion algebra A over Q. A right O-ideal I
is invertible if [ is a locally principal right O-ideal, i.e. for all primes ¢ there is an
ap € AZ such that Iy = ayO,. This is equivalent to the existence of a lattice J such that
JI = Or(I) =0 and IJ = Or(I), where Or(I) is the left order of I.

Definition 2.7. Let O be an order in a quaternion algebra A over Q, and suppose that I
is an invertible right O-ideal. We say that J is contained in I with relative norm n, or
J Cn I, if J is an invertible right O-ideal with J C I and nrd(J) = nnrd(I).

Two right O-ideals I, J are in the same right ideal class, written [I] = [J], if there
exists @ € A* such that I = aJ. Ideals in the same right ideal class are isometric
as lattices equipped with their associated normalized trace forms (Definition 2.3): since
trd(ab) = trd(ba) for a,b € A, for any o € A* and z,y € I we have:

_trd((ex)(ya))  trd(aocxy)  trd(zy)
(0@, ay)ar = nrd(al)  nrd(e)nrd(I) ~ nrd(I) (@ y)r-

In particular z — ax is an isometry from I to al.

We say that two invertible right O-ideals I, J are in the same genus, and write J €
Gen(T), if the completions I, and J¢, with bilinear forms induced by the normalized trace
forms on I and J respectively, are isometric as Z-lattices for every prime £. Ideals in the
same class are automatically in the same genus.

The right ideal class set of O is the set Cls(O) consisting of equivalence classes of
invertible right O-ideals. It is well known (see e.g. | , Theorem 17.1.1]) that the right
ideal class set of an order in a quaternion algebra over Q (more generally over any number
field) is finite, and we call its cardinality the class number of O.

2.5. Brandt modules and algebras. Let O be an order in a definite quaternion algebra
over Q. Let I,...,In be a list of representatives of the right ideal classes of O, where
h is the class number of O and each I; is an invertible right O-ideal. Without loss of
generality we may take Iy = O. We define the (real) Brandt module

MO) :={f:{,...,In} - R}

Thus M(O) ~ R", and we have a fixed standard basis v1, ..., vs given by Kronecker delta
functions, v;(I;) = d;;. We usually think of 9(O) as column vectors of length h with
entries in R.

The Brandt module comes equipped with an inner product for which the standard
basis is orthogonal. For each i, let Or(l;) denote the left order of I;, and let w; :=
|OL(L;)* /{£1}|. Then we define

(3) (vi,v) = { u(;l ifi =,

otherwise.

The Brandt module also comes equipped with matrices B,, for all n > 0 acting on the left
on M(O), defined entry-wise with respect to the standard basis {v1,...,vn} by

foenr ozl )

@) Balind) = 5

-1
0, {a € L;I; %(a,a)lﬂi_1 = n}
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where in the second line we use the normalized trace form on I;I;! (Definition 2.3). For
n > 1 we have the equivalent form

(5) By (i,j) = [{J Cn I; : [J] = [L]}]

by | , Lemma 41.2.7(a)], where J C,, I; means that J is an invertible right O-ideal
with nrd(J) = nnrd(f;) (Definition 2.7). Note that B; is the identity matrix, and By is

the matrix where every entry in row ¢ is 25}_ .
i

Definition 2.8. The Brandt algebra B(0O) is the Z-subalgebra of End(9(0)) =
My, <1 (R) generated by the Brandt matrices {B,, : n > 0}.

Lemma 2.9. For alln > 0, B, is self-adjoint with respect to the inner product.

Proof. Let D be the diagonal matrix with D(%,4) = w;, so the inner product is given by
{(v,w) = v'Dw. The self-adjointness of B,, with respect to (v, w) is equivalent to checking
that DB,, = BLD. Since B,D = (DB,)", it suffices to check that DB, is a symmetric
matrix. We have

)

D=

1 _
(Dﬁmaﬁ=wﬂwaﬁ=§Ha€Dhlz<mah54=n}

J

(DB, ) = wyBa(3,1) = 5

=

{aebljl:

(va) 1= ”} :
J

Since I; and I; are invertible right O-ideals, we have I;I; = nrd(I;)O and I;I; = nrd(I;)O

by | ,16.6.14], so a — E:igg?; defines an isometry from I]'I;l to L-Ij*, each equipped
J

with their normalized trace forms. This proves that the two sets above have the same

size. ]

3. COMMUTATIVITY OF THE BRANDT ALGEBRA

Let O be an order in a definite rational quaternion algebra A. Recall from Definition 2.8
that B(0O) is the Z-algebra generated by Brandt matrices B, for all n > 0. The main
result of this section is the following.

Theorem 3.1. For an order O in a rational definite quaternion algebra, B(O) is com-
mutative.

We begin with a few notes on the subtleties underlying this result, and why it does not
directly follow from certain well-known results in the literature on establishing commuta-
tivity of Hecke algebras. The proof begins in Section 3.2.

3.1. Failure of commutativity in Hecke algebras. We first recall that commutativity
of B(0) is well known for maximal orders. More generally, it follows immediately from
[ , Chapter II Theorem 2| that for an arbitrary order O contained in a maximal order
9, the Brandt matrices B,, with n coprime to [O : O] generate a commutative subalgebra.
However, for this paper we will need to use a stronger result, namely the full Brandt
algebra is commutative for arbitrary submazimal orders (Definition 4.1).

For an arbitrary rational quaternion order O, the Brandt algebra 8B(0) may be natu-
rally interpreted as a subalgebra of a quaternionic Hecke algebra $(O). One way to define
this Hecke algebra is to consider the adelic counterparts A and O of the quaternion alge-
bra A and order O, and define $(O) to be the convolution algebra of functions on A* that
are bi-invariant under @*. This structure arises, for instance, in the Jacquet-Langlands
correspondence, which compares $(QO) to the algebra of Hecke operators for GL2. One
may identify B(0O) with a subalgebra of $H(O) by associating each Brandt operator B,
with the characteristic function of elements of norm n in A*.
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If O is maximal then $(O) = B(0O) is commutative, but for a non-maximal order, the
full Hecke algebra is not commutative in general. Theorem 3.1 shows nonetheless that
B(0) is a commutative subalgebra of $(QO) for an arbitrary O.

There are many well-established techniques for proving commutativity of subalgebras of
Hecke algebras. One of these methods, often called “Gelfand’s trick,” can be used to prove
commutativity of any subalgebra generated by double cosets of O* that are preserved
by an involutive anti-automorphism (such as the standard involution on .Z) See | ,
Proposition 3.8] for a general version of this method. Unfortunately, while the set of
elements of norm n is stable under the standard involution, the individual O*-double
cosets comprising this set are not, in general.

The construction in the following proposition shows that there is no direct analogue
of Gelfand’s trick in this scenario. That is, even if a subalgebra of $(O) is generated
by operators that are each stable under the standard involution, the subalgebra may be
non-commutative. Thus any proof of commutativity of 8B(Q) must rely on properties of
Brandt matrices beyond just stability under the standard involution.

Proposition 3.2. Let ¢ > 2, £ a split prime of A, and O C A an Eichler order of index
£¢ in a mazimal order. Then there exist two operators A, B € H(0) satisfying A = A and
B = B, but with AB # BA.

Proof. By standard arguments we may reduce to considering the local Hecke algebra at ¢.
Without loss of generality we may take O, to be the standard Eichler Z,-order of level £¢:

a b
O, = (Fc d>.a,b,c,d€Zg ,

with O consisting of those matrices in O, with a,d € Z;. Let

21 £ 0
a—(o 1> and 5—(0 1).

We will check by direct computation that
s} 62 1 X X X — X X X X7 X
(6) Ba={y )¢ ((’)g a0l U0 ao; ) : (oe BOY UOSBO; ) .

We first compute the double coset O BaO). For b,c, f,g € Z¢ and a,d,e,h € Z), we
perform the following computation, using the assumption € > 2:

a b (€ 1\[e f\_ (0 ah+bh
(zec d) <0 z) <€€g h>:<0 dht > (mod £ My (Zy)).

In particular, since a, d, e, h € Z, the top-right entry has valuation 0 and the bottom-right
entry has valuation 1. (A similar computation can be used to verify that @ ¢ O aO;* and

B¢ O BOJS.) On the other hand, setting u = z> with z,y € Z; and w, z € Z,

w
{y

we have the following congruences modulo £ Mz (Z;):

wi= (5 7). wi= () %)
aufl = <u())£ v a Z) , auf = (16} (@ —()z)é) .

No matter what u € O, we take, none of these elements have a top-right entry of valua-
tion 0 and a bottom-right entry of valuation 1, so they do not lie in OZXEQO;. We can
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conclude that
Ba ¢ 0a0;BOS UOS aO;BO; U a0, BoS U O;&OZBOZ,

establishing Eq. (6).

Now take A and B to be the characteristic functions of the subsets O a0, U O} a0
and O BOS U OJBO; of AJ, respectively. Observe that these sets are stable under
the standard involution, so A = A and B = B. The convolution product BA evaluates

to a nonzero value at Ba, but by Eq. (6), AB evaluates to 0 at Ba. This proves that
AB # BA. O

3.2. Reducing to a local computation. We return to the proof of Theorem 3.1.

Lemma 3.3. Forn>1 and 1< j < h, we have

h
> Balk,j) = {7 Cu I},
k=1
and this value is independent of j.

Proof. The equality follows from the definition of By (k,7), since every invertible right
O-ideal belongs to a unique right ideal class [Ix] for some 1 < k < h. Since each invertible
right O-ideal I; is locally principal, the independence from j follows from the local-global
dictionary (cf. Section 2.1). O

Lemma 3.4. By commutes with B, for everyn > 1.

Proof. Recall that Bo(i,j) = for any i, j. Since B, is self-adjoint by Lemma 2.9, we

2w ’
have
hoo h
(BnBo)( ZQ— ;
h
(BoBn)(i, )
Thus (BnBo)(4,j) = (BoBn)(i,7) by Lemma 3.3. O

Given Lemma 3.4, we can restrict our attention to the Brandt matrices B,, with n > 1.
For n > 1, define
bn(i,4) ={J Cn I; = [J] = [L]}.
Then B, (i, ) = [ba(i. )] by Eq. (5).
We also define
N (J, 1) : {J JCJ Cn 1}

as the set of invertible right O-ideals J’ containing J which are contained in I with relative
norm n (Definition 2.7).

Proposition 3.5. For anyi,j € {1,...,h} and m,n > 1,

(BmBn)(ivj) = Z ’mn((]’lj” .

JE€bmn (4,5)

Proof. The number (B, By)(i,7) = Sor_, Bm/(i, k) By (k, §) equals the sum over all k of the
sizes of the product sets b, (i, k) X b, (k, ). First we fix 1 < k < h as well as J' € b,,(k, j).
Pick ajr € A* with J' = o/ Ix. The map J” — a;J” then induces a bijection

b (3, k) = {J” Con I [J] = [Ii]} = {J Co J :[J] = [L-]}.
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Now we still keep k fixed but allow J’' to vary: the map (J”,J') — (ayJ”,J’) defines a
bijection from b, (z, k) X b, (k,j) to

{GI a1 cnd coty ) =10, 1] = [},

where J and J’ both vary over invertible right O-ideals. If we now take the union over
all k, we find that

{(J, J):JCwm J Culy, [J] = [Ii]}

has size (BmBn)(4,5). Writing this final set as a union over J € b,y (4, ) gives us the
desired result. O

If 4,7, and J € bpn(4,)) are fixed, the set 9, (J,I;) can be determined locally. In
particular we can use this to prove the following.

Lemma 3.6 ([ , Proposition 41.3.1]). If gcd(m,n) =1 then By By = By Bm = Bmn.

Proof. For each J € by (i, ), there is a unique J C J' C,, I;, defined by setting J; = Jo
for | n and J; = (I;)¢ for £4n. So By, By = By, by Proposition 3.5. O

Since we have also checked that By commutes with every Brandt matrix, this allows
us to make the following reduction.

Lemma 3.7. B(O) is commutative if and only if the Z-subalgebra of B(O) generated by
{Bk : k > 0} is commutative for every prime £.

3.3. Local analysis. From now on we fix a prime ¢ and we denote Oy = O ®z Z¢. For
a € Zy we let val(a) denote the f-adic valuation, so that a € Zval(”)ZeX. We declare
val(0) = oo.

For x € Oy and m € N, let MNgm (z) = Nem (z, O¢) denote the set of principal right
ideals I C Oy of norm ™ with € I. Let Nym(z) = Nem(x,Of) = |MNem (z, Or)| be the
cardinality of DMm (z, Op).

The idea of the proof of Theorem 3.1 is to relate the sets Ngm (2, O) of local ideals to
the sets 9¢m (J, I;) of global ideals that appear in Proposition 3.5, justifying the abuse of
notation. We will prove the identity Nem (z) = Ngm (%) for all x € O, with nrd(x) # 0
(Proposition 3.10), and use this to prove commutativity of Brandt matrices. We begin
with some simple relations satisfied by Nym (z).

Lemma 3.8. Let z,2' € Oy and m € N.
(1) IfI - l'/ S émOg, then Nem (m) = Nem (iE/)
(2) If n = val(nrd(z)) and m <n < oo, then Nym(x) = Nyn—m (T).

Proof. For (1), any right Og-ideal I of norm ¢™ contains ™ QO¢, so x € I if and only if
x’' € I. That is, Mem (z) = Nem () and consequently Nem (z) = Nom (z').
For (2), observe that

Nem(z) = ‘{(y, 2) € O¢ x Op:yz =2z, nrd(y) € EmZZ}/N‘

with the equivalence (y,z) ~ (yu,u'z) for any u € O/ Indeed, to each (y,z) we can
associate the ideal yOp € Mem (z,O;) with two pairs determining the same ideal if and
only if they are equivalent, and every ideal in Dym (xz, O;) can be obtained in this way.
From this we see that (y, z) — (Z,7) induces a bijection DMem () = Nyn—m (T). O

Say z € O, is m-norm-reduced if nrd(z) # 0 and
(7) val(nrd(z)) < m + val(trd(x)).

Note that every x with nonzero norm is m-norm-reduced for sufficiently large m, so this is
only a nontrivial constraint when m is fixed. We will show in the proof of Proposition 3.10
that whenever « is m-norm-reduced, we can define an explicit bijection MNem (z) — Nem (Z).



GENERATING SETS FOR MAXIMAL QUATERNION ORDERS 15

In order to prove Ngm(x) = Ngm (Z) more generally, we first need a way to reduce to the
m-norm-reduced case.

Lemma 3.9. Let O, be a quaternion order over Z¢. Let x € Op with nrd(z) # 0. Let
m € N and assume that val(trd(z)) # m. Then there exists an m-norm-reduced ' € O,
with x — 2’ € {™O,.

Proof. Let t := val(trd(z)) and n := val(nrd(z)). If n < m + t then ' = z is already
m-norm-reduced, so suppose instead that n > m + t. Since we are assuming m # t, the
valuation of

nrd(z + £™) = nrd(z) + £"trd(z) + ™
is equal to m + min(m,t), because exactly one of the three terms attains this minimal
valuation. In particular, this implies nrd(xz 4+ £™) # 0. On the other hand,

trd(x + €M) = trd(z) + 2™
has valuation greater than or equal to min(m,t), so
val(nrd(z + £™)) = m + min(m, t) < val({"trd(z + £™)).
Thus z + £™ is m-norm-reduced. O

Proposition 3.10. For any quaternion order Op over Z¢, any m € N and any x € O,
with nrd(x) # 0, we have Nym (z) = Nym (Z).

Proof. We first prove the result assuming val(trd(z)) # m. By Lemma 3.8 we can replace =
with any 2’ = 2 mod £™ O, without changing the values of Nym(z) and Nem(Z). So by
Lemma 3.9, we may assume without loss of generality that x is m-norm-reduced.

Under this assumption we will prove that yOQ, — Zz 'yO, is a well-defined map
Nem () = Nem (). Given yO; € Nym (), we have

reyO, & TE€ :fl,’_lyO[

and nrd(Zz " 'y) = nrd(y), so it suffices to prove Zz 'y € Op. Observe that nrd(y)trd(z)
has valuation m + val(trd(z)), and so its quotient by nrd(z) is in Z, by Eq. (7). Since
yilm € Oy, we have

trd(z)

trd(z)(z'y) = nrd(y—1z)

y~lz € Oy,

and therefore

o'y = trd(z)(z " 'y) —y € O,
This proves that Zz ™'y, € MNem () as desired. Since 7 is also m-norm-reduced, the same
construction defines an inverse map Mym (Z) — MNem (z), proving that the two sets have
the same cardinality.

Finally we consider the case val(trd(z)) = m. Set n := val(nrd(z)). If n < 2m then z
is m-norm-reduced, and we may continue the argument as above. Otherwise n > 2m and
so we have val(trd(z)) # n—m. By Lemma 3.9, there is an (n —m)-norm-reduced element
¥’ € Op with x — 2’ € """ Oy, and so we may use the above argument to prove that
Nyn—m () = Nyn—m (Z). This implies Nym () = Ngm (Z) by Lemma 3.8(2). O

We are now ready to prove the commutativity of the Brandt algebra B(O).

Proof of Theorem 3.1. By Lemma 3.7, it suffices to prove that By B¢m = Bgm Bk, for
all primes ¢ and all m,k > 0. Setting n := m + k, this is equivalent to prove that
Byn—m Bgm = Bgm Byn—m, for all primes ¢ and for all 0 <m < n.

Fix 1 <, < h, and let J € bgn(i,5). Write (I;)¢ = 7O, for some v € A}, so that
v~ 1Je = 2O, for some x € O, with val(nrd(z)) = n. We can define a map

Rz (J, Ij) — Nym (x, Oe)
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by J' +— 4~ 'J,. The map is well-defined because the set on the left varies over locally
principal right O-ideals, so v~ 1J; is a principal right @,-ideal of the correct norm, with

J C J' implying 2 € y~'J;. The constraint 2;355; = {™ forces Jy = (I) for all primes
¢’ # £, so by the local-global dictionary, this map is in fact a bijection. We therefore have
(8) |mgm((],lj)| :Ngm(.’L’)

Replacing m with n — m, the same argument together with Lemma 3.8(2) and Proposi-
tion 3.10 shows that

[Mpnon (1. 1;)| = Now-m(2) = Nem (&) = Nem (2).

This proves that |MNem (J, I;)| = [Mpn—m (J, I;)| for all J € ben(i,7), so that by Proposi-
tion 3.5 we have (Bgm Byn—m )(4,J) = (Bpn—m Bem) (4, 7). O

4. SUBMAXIMAL ORDERS

Let A be a quaternion algebra over Q, and let O C A be a maximal order. Our strategy
to prove Theorem 7.2 is to show that O has more elements of a given norm than any of
its proper suborders. It will be useful to consider the maximal elements among the set of
all proper suborders, and so we introduce the following convenient terminology.

Definition 4.1. An order O C O is a submazimal order of O (or, simply, O is submazimal
in O) if it is maximal with respect to inclusion among the proper suborders of O.

4.1. Classification.

Lemma 4.2. Let O be a maximal order in A, and let O C O be a submaximal order.

Then one of the following holds:

(a) [O:0] =7 for a split prime r of A, and O is Eichler.

(d) [O: O] =p for a ramified prime p of A, and O = Z + B, with P the unique mazimal
two-sided ideal of norm p in O.

(¢) [O:0] =r?% for a split prime r of A, and O = R+ 190 for some imaginary quadratic
order R C O with R/TR ~F,..

(d) [O : O] = p® for a ramified prime p of A, and O = R + pO for some imaginary
quadratic order R C O with R/pR ~TF 2.

Remark 4.3. Cases (c¢) and (d) can be combined into a single case by ignoring the splitting
behavior of the prime in 4, but the two cases behave differently enough in practice that it
will be useful to separate them. The condition R/¢R ~ F,2 is equivalent to the condition
that £ is inert in the integral closure of R and does not divide the conductor of R; for odd #,
this is equivalent to the condition that the discriminant of R is a quadratic non-residue
modulo 4.

Proof. By the local-global principle for lattices (e.g., see | , Theorem 9.1.1] together
with [ , Lemma 10.4.3]), there exists a prime £ such that O is maximal at every prime
except £, so £ is the unique prime dividing [O : O]. Let 7 : © — O/£9O be reduction mod /.
By Lemma 2.2, O cannot surject onto /¢9 under 7, so O lands in some proper subring
A C 9O/£D. For any such A, 7~ (A) will be a suborder of O containing O, hence equal to
it. Thus it suffices to classify maximal proper subrings A of the 4-dimensional F-algebra
Q := 9O/¢9. Note that A # F,, because we have proper subrings of the form F;[a] for any
a € QN Fy.

First suppose that A contains an element « with irreducible minimal polynomial over
Fe, i.e. it contains a copy of F,2. Then A is a vector space over Fy2; since A # Q, A must
equal F[a] by dimension considerations. A preimage of « in O generates a quadratic
order R in which ¢ is inert, and 77 '(A) = R + £9O. This gives cases (c) and (d).

Now we assume every element of A \ F, has reducible minimal polynomial, and divide
into cases depending on whether £ is split or ramified in A.
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e If r := £ is a split prime of A, then @ ~ M (F,), and we can consider the natural
action of Q@ on F2. Our working assumption implies that A does not contain any
nontrivial field extension of F,., so by | , Theorem 1], A is the stabilizer of a
1-dimensional subspace of F2. Picking a basis of F2 so that the first basis vector
is in this stabilized subspace, we see that A is isomorphic to the set of upper

triangular matrices in M (F,). Therefore 7 *(A) ® Z, =~ (TZZ"'T %:), and so O is

Eichler with index 7 in O (| , Proposition 23.4.3]).
e If p :=( is a ramified prime of A, then Q ~ F 2[e], with noncommutative multi-
plication

(a4 be)(c+ de) = ac+ (b + ad)e.

Here ¢ = 0 and ¢ = ¢ is the Frobenius involution on F,2. Note that C :=
Fp + Fj2¢ is a 3-dimensional subalgebra of Q. Any a € @ ~\ C is of the form
a + be with a € F2 \ Fp,, and hence it satisfies an irreducible quadratic minimal
polynomial over F, (as one can check that a + be and a have the same minimal
polynomial in this case). Since A contains no such elements, we have A C C' and
hence A = C by maximality. This corresponds under 7! to the order Z + B,
where ) = 77! (F,2€) is the unique maximal two-sided ideal of O with norm p. O

For the rest of this paper, following the notation in Lemma 4.2, we use p to refer to
a prime at which A ramifies, and for a submaximal order O C 9 we write r for a prime
dividing [O : O] at which A splits. We continue to use ¢ for arbitrary primes, unless
otherwise specified.

Remark 4.4. We give a few indications of how submaximal orders fit within existing
classifications of quaternion orders. Let O C O be submaximal. Then O is Bass (| ,
Definition 24.5.1]), which follows from the proof of Lemma 4.5 below. Since A is defined
over Q, this implies by | | that O is basic ([ , Definition 24.5.6]). The order O
is Eichler if and only if [© : O] = r is a split prime in A (case (a)), in which case it is also
hereditary (| , Definition 21.1.1]).

If [D : O] is equal to r, p, or p* (cases (a), (b), and (d)) then O is a “special order”
in the terminology of Hijikata, Pizer, and Shemanske | , Definition 6.1]. But since
special orders are Eichler away from the ramified primes of A by definition, submaximal
orders with [O : O] = r? (case (c)) are not special.

One useful property shared by all submaximal orders is that their level as a lattice is
equal to their reduced discriminant.

Lemma 4.5. For any submazimal order O in a mazimal order O, the level of O as a
lattice (with respect to the trace form on A) is equal to disc(O).

Proof. To prove this we will first show that O is Gorenstein. An order O in a quaternion
algebra is called Gorenstein if its dual lattice O is in fact an invertible right O-ideal.
This is a local property. One can show that being Gorenstein is equivalent to Homz (O, Z)
being a projective O-bimodule, which connects the definition to a more general theory
of Gorenstein modules. Eichler orders, and hence maximal orders, are Gorenstein, but a

general order is not. For all this, and much more, see [ , §24.2].
In order to show a submaximal order O is Gorenstein, let O’ denote the Gorenstein
saturation of O, so that O = Z + fO’ for some f > 1 | , Proposition 24.1.4]. Then

[0 : O] = f3. But the index of a submaximal order O in any superorder is either 1, a
prime, or the square of a prime, as one can see by calculating discriminants. Therefore,
we must have f =1 and hence O’ = O.

Since O is Gorenstein, we have nrd(O*)~! = disc(O) | , Lemma 24.2.5], and so
the result follows by Lemma 2.5. O
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4.2. Genus vectors in the Brandt module. Let I,J be invertible right O-ideals.
Recall that we can equip I and J with their normalized trace forms (-,-); and (-,-),
(Definition 2.3) and write J € Gen(I) if the completions of these lattices are isometric at
every prime.

Let I1,...,In be representatives of the invertible right O-ideal classes, and v1,...,vp
the corresponding Brandt module standard basis vectors. For each i, we define the genus

vector v; € M(O) by
1
V= Z 2w; ek

1<j<h
I;€Gen(I;)

and let Ma (O) C M(O) denote the subspace spanned by the genus vectors y; for 1 <4 < h.
By construction, v; = «; if I; € Gen(l;), so the number of distinct genus vectors is
typically smaller than h; in fact we will see below that for many orders (including all
maximal orders) there is a unique genus vector. Let

9) e:= Z L_vj

— 2w;
1<j<h

be the sum of the (distinct) genus vectors.

Lemma 4.6. Let O C A be a quaternion order. The vector e defined by Eq. (9) is an
eigenvector of By, for alln > 0.

Proof. The image of By is the span of e, so e is an eigenvector of By. For any n > 1 and
1 < i < h, the coefficient of v; in Bhe is
> = 30 P
- 2wj - 2’UJ¢
1<j<h 1<j<h
by self-adjointness of B, (see Lemma 2.9). By Lemma 3.3 this equals ﬁ times a constant
that does not depend on i, so B,e is a multiple of e. O

We now focus on maximal and submaximal orders, and find that the genus subspace
is either 1- or 2-dimensional.

4.2.1. 1-dimensional genus subspace.

Lemma 4.7. Let O C A be a maximal or submazimal order. Let O be a mazximal order
containing O, and suppose that [O : O] is not equal to an odd ramified prime of A. Then
M (O) is 1-dimensional, spanned by e.

Proof. If O is submaximal then we use the classification result in Lemma 4.2: we are in
cases (a), (c¢) and (d) of the lemma, and also in case (b) if p = 2.

We first show that for every prime ¢, every element of Z; is in the image of nrd: Oy —
Zye. If O is maximal, or if [ : O] = £2, then O, contains an embedding of Z,2 (the ring
of integers of the unramified quadratic extension of Q¢), and already nrd: ZZQ = Z) is
surjective. If instead £ = r = [O : O] is split in A, then O, contains an embedding of
ZyxZg,and nrd : Z) XZ, — Z) ((z,y) — xy) is surjective. Finally,if ( =p=[0: 0] =2
is ramified in A, then D2 contains an embedding of Z4, so Oz contains an embedding of
274, and nrd : (1 4 2Z4) — (1 + 2Z2) = Z5 is surjective | , §1.7 Proposition 3].

Now, we prove that any two invertible right O-ideals I, I’ with normalized trace forms
are in the same genus. Fix a prime £. Since I, I’ are locally principal, there exists o € A
with I; = al,. This implies nrd(I’) and nrd(a)nrd(I) have the same ¢-adic valuation.
Since we have proven that every element of Z, is in the image of the norm map, there

exists u € Op with nrd(u) = W&ﬁ(})'

Then for any z,y € I, we have
_ trd((owu)(uga))  nrd(u)nrd(o)trd(zy)  trd(zg)
fau, ayuyr = =19y = nrd (1) = Sed(n) By
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So z + azu is an isometry from I, to Ij. O

4.2.2. 2-dimensional genus subspace. Now suppose instead that p = [O : O] is an odd
ramified prime for A. This case is covered in detail in [ , Section 5]. Pizer’s setup
assumes that the only ramified prime of A is p, but the summary below holds more
generally for arbitrary quaternion algebras over Q. We also note that Pizer works with
left O-ideals while we work with right O-ideals.

For each invertible right O-ideal I, the normalized quadratic form (z,z); = nrd(z)

nrd (1)
on I either always outputs quadratic residues mod p (and I has positive character) or

always outputs quadratic non-residues mod p (and I has negative character), where

we ignore the outputs in pZ, | , Proposition 5.1]. Ideals have the same character if
and only if they are in the same genus: this can be seen by a modification of the proof
of Lemma 4.7 (see the proof of | , Lemma 5.20] and | , Remark 5.21] for more

details). In particular this implies that the character is the same for all ideals in the same
ideal class.

Now recall the representatives Iy = O, ..., I, of the right ideal classes of O. By | ,
Theorem 5.9], the class number h of O is even, and we may label these representatives so
that I,...,I/2 have positive character, Iy/211,...,In have negative character, and for
each 1 <14 < h/2, I; and I;1}/; have isomorphic left orders (so that w; = w;4p/2). Then
we set

L2 oo
1 =Y - Y
( O) ¢ . Qwiv . 2wiU
i=1 i=h/2+1

That is, e is the sum of the two genus vectors, and €’ is the difference of the two genus
vectors. The above observations allow us to conclude the following result.

Lemma 4.8. Let O be submazimal in a mazimal order O. Assume that [O : O] is equal
to an odd ramified prime of A. Then Mg (O) is 2-dimensional, spanned by e and €'.

Since w; = w;yn 2 for all 1 <i < h/2, € is orthogonal to e. In the next lemma we show
that €', like e, is also an eigenvector for any Brandt matrix B,, n > 0. The computation
of the eigenvalues of e and €’ is the primary focus of Section 6.2.

Lemma 4.9. Let O be submazimal in a mazimal order O, and assume that [O : O] is
equal to an odd ramified prime of A. Then €’ as given by Eq. (10) is an eigenvector of By,
for alln > 0.

Proof. The image of By is the span of e, but since By is self-adjoint and (e,e’) = 0 we
have (e, Boe') = 0. Therefore we must have Bpe' = 0.

We now assume n > 1. Following the proof of | , Theorem 5.15] for s = 0, with
respect to the standard basis {v1,...,vs}, we can write

Cn D,
for some matrices Cy, Dy, of size h/2 x h/2. We first show that C,, is self-adjoint and has

constant column sums (cf. | , Lemma 5.23], parts (i) and (ii)). For self-adjointness,
letting D’ be the diagonal matrix with wi,...,wy 2 along the main diagonal and D =

(D, 0 ), we have DB,, = B.D by Lemma 2.9 and hence D'C,, = C!D’. To show

0o D’
Zf:/? B,(i,7) is a constant for all 1 < j < h/2, note that this quantity is simply the
number of invertible right O-ideals J C,, I; with positive character, and the conditions

defining such J’s are local, so the proof follows as in Lemma 3.3.
PR

¢
With respect to the basis {v1,...,vn}, let u = ( L ,ﬁ) , so that e = (),

e = ( 2 ) Using the properties of C), shown above, the proof of Lemma 4.6 shows that
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is an eigenvector for C,,. Now since e is an eigenvector for By, we find that (C,, + Dy)u is

(cn—Dn)u)
(Dn—Chn)u

is a scalar multiple of ¢’ as desired. O

a scalar multiple of u, so u is also an eigenvector of D,,. This implies B,e’ = (

4.3. Brandt algebra relations. Let O be a maximal or a submaximal order in the
quaternion algebra A. For the proof of Theorem 7.2 we will need to consider the action
of the Brandt matrices By on 2(O) for various primes ¢ and arbitrary exponents k > 1.
We divide into cases depending on the power of the prime that divides the index of O in
a maximal order O.

For our purposes we will not need to study ramified primes of A that divide the index,
so by Lemma 4.2 we only need to consider three cases: £ 1 [O : O] (Lemma 4.10 and
Lemma 4.11), ¢ equals a split prime r with [O : O] = r (Proposition 4.13), or £ equals a
split prime 7 with [O : O] = r? (Proposition 4.22). One of the main results we provide
for each of these orders is a recurrence relation satisfied by the Brandt matrices B, for
k > 0: these are Lemma 4.10, Proposition 4.13, and Corollary 4.20, respectively. As this
section is rather long and technical, we recommend readers skip ahead to Section 5 on a
first read-through and only refer back to this section as necessary.

4.3.1. £+ [O : O]. In this case Oy is maximal, and we have the following two classical
results, depending on whether £ is split or ramified in A. (We note that ¢ | disc(Q) <
£ | disc(9).)

Lemma 4.10. Let O C A be a quaternion order and £ { disc(O) a prime. Then for all
k > 1 we have

ng+1 = B[ng — éng-_l.
Proof. See | , Chapter II Theorem 2] or | , Proposition 41.3.6]. O

Lemma 4.11. Let O C A be a quaternion order with O, mazimal, where p is a ramified
prime for A. Then for all k > 1 we have B,x = BS, and Bg =1.

Proof. In this setting O, is the valuation ring of the division algebra A, so for each & > 0
there is a unique ideal of norm p* in Op, which is contained in all the ideals of norm pk,
for k' < k. Using the local-global dictionary, this implies that if I is an invertible right
O-ideal, then there is a unique ideal of relative norm p* in I for every k > 1.

This implies that for all J € b,x (4, j) we have [0,(J, ;)| = 1. By Proposition 3.5 this
implies B x-1Bp = B, which gives BS = B, by induction. We compute B> = 1 by
noting that the only O,-ideal of norm p? is pO,, so for any 1 < j < h the unique ideal of
relative norm p® in I; is pI;, which is in the same ideal class as I;. Thus [b,2 (4, j)| is 1 if
i = j and is 0 otherwise. O

4.3.2. [O : O] = r. Let O be a maximal order containing O and suppose [O : O] = r
for a split prime r of A. The main result in this section is Proposition 4.13, a recurrence
relation on the Brandt matrices B, .

By the classification of submaximal orders Lemma 4.2, O is an Eichler order of index r

in O. Let t be the unique invertible two-sided ideal of O with norm r | , 23.4.19]. We
can define an operator
(11) We - M(O) — M(O)

on standard basis vectors induced by [I;] — [I;t].

Lemma 4.12. W, is an involution that is self-adjoint with respect to the inner product
on the Brandt module M(O) and commutes with every Brandt matriz B, € B(0).
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Proof. Since t? = 7O, W, is an involution. Thus, for 1 < 4,5 < h, we have Wew; = v; if
and only if v; = Wiv;, and so if these equalities do not hold we have
<Ui7 Wd)j> =0= <W{U¢, ’Uj>.
If the equalities do hold, then [I;] = [I;t], which implies that I; and I; have isomorphic
left orders and so
(vi, Wevs) = (vi, vi) = wi = w; = (vj,v5) = (Wewi, ;).
This proves self-adjointness.
Letting o be the permutation of {1,...,h} induced by [I,(;] := [lit], the following
holds for any n > 1:
(BnWe)(i,5) = Bn(i,a(j))

—{J C e [J] = [}

={J Cn I; : [J] = [Ix]}

= Bn(0(2),7) = (WeBn)(i, ),
where in the third line we used the bijection J — Jr~ 1.

Finally, since W, is self-adjoint and has constant column sum (equal to 1), the argument
from Lemma 3.4 shows that it commutes with By. O

As a result, we may pick a basis for M(O) consisting of simultaneous eigenvectors for
all Brandt operators as well as for W;. The main result we will prove in this section is a
recurrence relation for the Brandt operators B,» € B(0O).

Proposition 4.13. Let O C O be submazimal of index v, where r is a split prime of A,
and let W, be as in Lemma 4.12. Then for alln > 1,

Bynt1 = Ben(Br — W) — rBpn—1.

Proof. In light of Proposition 3.5, we may express (B,nB;)(i,j) as a sum over J €
b,n+1 (%, j) of the values |9,.(J, I;)|, and by Eq. (8), we can write |M,.(J, I;)| = Ny(z), where
(I;)r = ¥O, and Y1 J. = 2O,; since J C,nt1 I; we have x € O, and val(nrd(z)) = n+ 1.
So we will partition b,»+1(, ) into subsets depending on the value of N, (z), and use this
to find an alternate expression for (Byn By)(i, 7).

Lemma 4.14. Let z € O, and suppose val(nrd(z)) > 2. Then
2r+1 forxz € rO,,

Ne(z)=<r+1 forxz €. ~r0,,
1 forz € O, N t,.

Proof. Since O is Eichler of index r, it is isomorphic to the subring of Ms(Z,) consisting
of matrices with bottom-left entry divisible by r | , Proposition 23.4.3]. For ease of
notation we assume equality. In this notation we have

Zr Zr - TZ»,- Z'r
Or = (rZr Zr> and v = (rZr rZ,) :
We define the set S to consist of the following 2r + 1 elements of O,.:

[T a .‘710 . B (0 1
ai._<0 1), 51._<Z_r 7“) fori=0,...,r—1, w'_<r 0).

These elements generate each integral invertible right O,-ideal of norm r exactly once,
with w generating the two-sided ideal ..
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Now let z = (T‘lc Z) € O,. To determine the number of integral invertible right O,-
ideals J of norm r containing z, it suffices to determine, for each u € S, whether or not

wtz € O,. To this end, we compute p 'z for each p € S:

ot = poc 58 Bl = “ b wle= ¢
g cr d ’ v c—ai %—bi ’ a

If a and d are both units, then z € O)°, which does not occur because of the assumption
val(nrd(z)) > 2. If d is a unit (so r | a), then there is exactly one p € S for which
p 'tz € O, namely p = a; with i = bd™! mod r. Likewise, if a is a unit (so r | d), then
we can only take p = 8; with i = ca™! mod r.

Now consider the case that neither a nor d is a unit; this is exactly the case that
x € tv.. In this setting, if b and c are both units, then z € w®;*, which does not occur by
val(nrd(z)) > 2. If b is a unit (so r | ¢), then there are r + 1 options: we can take u = @
or u = f; for any 4. If ¢ is a unit (so 7 | b), then again there are r + 1 options: we can
take p = w or u = «; for any 7. If a, b, ¢, d are all divisible by 7 (so z € rO,), then there
are 2r + 1 options, because p "'z € O, for all y € S. O

(w2 NN

Now that we have these counts for each case, we need to count how many J € b,.n+1 (3, 5)
land in each of these cases. We have

1 1
zxer0, & JCrl; & ;J cl;, & ;Je b,n-1(%,7),
so the number of J with N, (z) = 2r + 1 is equal to B,n—1(3, ). Likewise,
rer, o Ju'cl, e Julebm(o®),]),

where ¢ is the involution on {1,...,h} induced by [I,;)] = [Lit]. That is, there is a
bijection between ideals J € b,.n+1 (%, j) such that = € v, and ideals in I; of relative norm
r™ and with ideal class [It], and these are counted by (W.:B;»)(%, ). So

BeB)i) = Y M@+ Y M@+ Y M@
JEb, n41(i,5) JEb n41(4,5) JEb nt1(4,5)
Ny (z)=2r+1 Ny (z)=r+1 Ny (z)=1

(2r +1) - Byuoa iy )
+ (r+1) - (WeBpn (i, §) = Bpn-1(i, j))
+ 1+ (Buns1 (i, ) = WeBrn (i, )
=rBon-1(i,5) + rWeBpn (i, j) + Byt (4, 7).
This implies the statement of Proposition 4.13. O

4.3.3. [D: 0] =% Let O be a maximal order containing O and suppose that [O : O] = r?
for r a split prime of A. In particular, 9, = O, for all primes ¢ # r. The main result of
this section is Proposition 4.22, which computes the eigenvalues of eigenvectors for Brandt
matrices in B(0) by relating them to eigenvectors for Brandt matrices in B(9).

We begin by setting some notation. Fix representative invertible O-ideals I; = O,
I,..., I, and let vq, ..., v, be the corresponding standard basis for 9M(O). Also fix rep-
resentative invertible O-ideals IT = 9, I3, ..., I}, and let w1, . .., wx be the corresponding
standard basis for 9M(9). We use B, and B, to denote Brandt matrices in B(O) and
B(0), respectively. Following the notation of Section 3.2, for 1 < 4,5 < h let

bn(i,§) ={J Cn I; : [J] = [Li]}
as J varies over right O-ideals, and for 1 <i,5 < h' let

bn(i,5) ={J Cn 17 : [J] = [Li]}

as J varies over right O-ideals.
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We define a map p from invertible right O-ideals to invertible right O-ideals, given by
ideal extension:

p(I) :=1I9.
Note that this is well-defined because invertible ideals are locally principal. This map will
allow us to explicitly relate counts of O-ideals to counts of O-ideals. See | , 26.6.1]

for a discussion of the map p.
Fori € {1,...,h}, wedefinei € {1,...,h'} by [F] = [p(I;)]. Using the extension map p
we may define an operator on Brandt modules:
E:9M(0) — M(O)
Vi > w;.
The map E will allow us to relate Brandt eigenvectors for B(0) to Brandt eigenvectors
for B(9). We begin by considering Brandt matrices B,, for n coprime to 7.

Lemma 4.15. For all n coprime to r,

EB, = B,E.
Proof. Fix 1 <¢ < h’ and 1 < j < h. The quantity (EB,)(i’,j) counts the set

U bl ={7cut;: (0] =[]}

1<i<h:i=i’

and the quantity (B,E)(i’, j) counts the set

bu(i',7) = {J Cn B2 ] = 1111}

So it suffices to construct a bijection between these two sets. Recall that [IJL] = [[;90]. As

the size of En(i’,;) does not depend on the choice of representative I§ in its equivalence
class, we may assume without loss of generality that I = I;9.
We now consider the map p with restricted domain and codomain:

(12) p: U bn (i, §) — b (', 7).

J = JO.

For any J in the domain, its image is an invertible D-ideal contained in p(I;) with relative
norm n and with [p(J)] = [p(I;)] = [I/], showing that the map is well-defined. On the
other hand, any I’ in the codomain uniquely determines an ideal J in the domain: since n
is coprime to 7 we must have J, = (I;)., and since O, = O, for all £ # r we must have
Je = I;. We can conclude by the local-global dictionary that Eq. (12) is a bijection,
proving that EB,, = énE O

We now consider Brandt matrices B, for k > 1. In this case the map p of Eq. (12) is
neither injective nor surjective. In order to quantify the failure of injectivity, we define a
“splitting” operator

S (D) — M(O)
Y {rert =)

Note that ¢; ;; = 0 unless i = j'.

Lemma 4.16. The operator E o S acts on IM(O) via scalar multiplication by r?—r.
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Proof. Let I := Ij,. The operator (EoS) multiplies w;s by |[p~"(I)|. We can compute this
quantity by the local-global correspondence: a given J € p~'(I) is determined at each
prime ¢ by an Og-ideal J, with J,9O¢ = I,. For all £ # r we have O, = O, and so J; = I,.
Now suppose we write I, = a9, for some a € AYX. Then for every u € O, J, := auO,
defines an O,-ideal with J,.9O, = I.. All such O,-ideals are obtained in this way, and we
have auO, = au’O, if and only if u™'u’ € OX. Thus |[p~*(I)| = [OF : OF]. Using | ,
Lemma 26.6.7] we find that this value equals r*> — 7, because r is split in A and O has
Eichler symbol —1 at r. O

In order to quantify the failure of surjectivity, we will show that for any J € b« (3, j),
J9O is contained not only in [;9, but in fact in r[;O.

Lemma 4.17. If J C I are invertible right O-ideals with J, # I., then J C rI9.

Proof. Tt suffices to work locally at r. Let I, = vO, for some v € AX, so that y~'J, is
a right Or-ideal strictly contained in O,. Since O,/rO, ~ F 2 is a field, and z € O, is
a unit if and only if nrd(z) # 0 mod r, we can conclude that O, is the disjoint union of
O and r9O,. Since 'y_lJT does not contain a unit, it must be contained in r9,. Hence
Jr CyrOr =1l O, O

Remark 4.18. This can also be seen more explicitly. For convenience suppose r is odd.
Up to isomorphism we may write O, = M(Z,), and O, is the ring of matrices of the form
(v otby) for a,b,c,d € Z, and some fixed non-quadratic residue u € Z,. Following the
proof above, we can then write fy‘ljr as a@, for some o € O, . O,F. The norm of « then
has the form
(a® — ub®) 4 r(ad — ubc) € rZ,

for some a,b,c,d € Z,, and since w is not a square in Z,, this forces a,b € rZ,. Thus
a €r9,.

Proposition 4.19. We have B, =0, and for n > 2 we have
Byn = SB,n—2E.
Proof. Forn >1,1<4,5 < h,and any J € b,n (3, ), we have J, # (I;), and therefore J is
contained in rI;9 by Lemma 4.17. Then nrd(J) is a multiple of 7?nrd(I;), so B, (4,5) = 0.
Now suppose n > 2. For any 1 < ¢,j < h we define a variant of Eq. (12). As in the

proof of Lemma 4.15, by changing representatives for the -ideal classes, we may assume
without loss of generality that p(I;) = I§ so we have a modification of the p map

(13) Lp: U bn(k,§) = b,n-2(i ),
k:k=1

J = Lp(J).

This is well-defined by Lemma 4.17. Now let I’ be an element of the codomain, so that
I' C ;9. For any J € rp~ ' (I') we have 1J C 1JO = I, so that

JCrl' CLi(rO) C L;O = 1;.
Since [p(J)] = [I'] = [E], we can conclude that J is in the domain of this map. Therefore

every element of 7p~*(I’) is in the domain of Eq. (13).
By splitting b, (¢, 7) along fibres of the map Eq. (13), we have

Bon(ij)= > e )b (i)
1'€6, 2 (i.7)

Now we compute the size of each term in the sum. Since we have checked that every
J € rp'(I') is in b,n (K, ) for some k, the only thing we have to check is the ideal class
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condition: that is, we must count the number of J € p~*(I') with [J] = [[;]. But this
value depends only on the ideal class of I’. So replacing each I' with I, we have

Bpn (27.7) = Ci,f (Ern*Q (”;7.7)) )

where ¢, ; is the number of J € p_l(lé) with [J] = [I;]. Equivalently, ¢

5T
of v; in Swy, so

;.7 1s the component

Byn (7'7.7) = (Sér"*2)(i7}) = (SET"*QE)(Z'?J‘)' U

As a consequence of this formula, together with Lemma 4.16 and Lemma 4.10, it is
straightforward to derive the following description of the algebra generated by the Brandt
matrices B,.x € B(0).

Corollary 4.20. The matrices B, for all k > 0 are contained in the subalgebra of B(O)

generated by commuting matrices B,2 and B,s: we have B, =0 and

1

r2—r

Brk+1 B Brk Brs — TBTJC71

for all k > 2.

Remark 4.21. There is a natural generalization of Proposition 4.19. Suppose O is an order
and £ is a prime such that O, is Bass but not Eichler. Let O be the order such that (5g
is the radical idealizer of Oy, and 651 = Oy for £ # L. Let t be the right O-ideal where
vy = rad(Oy) is the Jacobson radical of O, and vy = Oy for ¢ # L. Then t is a two-sided
invertible 5—ideal, and using a similar argument we can show By =0 for 1 < n < e and
Byn = SWeByn-<E for n > e, where e is the valuation of nrd(t) and W, is the operator

on M(O) induced by [I] — [It].

We end this section by consolidating the above results into a statement that relates
eigenvalues of Brandt matrices for O to eigenvalues of Brandt matrices for 9. Given any
order O in A, if u € M(O) is an eigenvector for every Brandt matrix in B(0O), we call u
a Brandt eigenvector and let A\, (u) denote the eigenvalue of u under B, € B(0).

Proposition 4.22. Let O be a submazimal order contained in a maximal order O with
[O: O] =r? for a split prime r of A. Ifu € MM(O) is a Brandt eigenvector, then Ar-(u) = 0
and one of the following holds.

(a) Apk(u) =0 for all k > 2.

(b) There exists w € M(D), an eigenvector for B, € B(O) for all n > 1, satisfying

Ao (u) = (1 = 7))\ n—2(w) for all k > 2 and An(u) = A\n(w) for n coprime to r.

Proof. If Fu = 0 then B,xu = 0 for all k¥ > 1 by Proposition 4.19, so \.x(u) = 0 for
all £ > 1. So from now on suppose w := Eu # 0. Then from Lemma 4.15 we have
Bn.Eu =\, (u)Eu for n coprime to r, and by applying E to both sides of Proposition 4.19
we have B,(u) = 0 and for k > 2 we have

ESB,1—2(Eu) = \x (u)(Eu).

We have ES = r? — r by Lemma 4.16. This proves that Eu is an eigenvector for B, for
any n > 1, with A.(u) = 0 and \x (u) = (12 — r)A\,k—2(Fu) for k > 2. O

Note that in fact the w from Proposition 4.22(b) is an eigenvector for the full Brandt
algebra B(9), a fact which can be derived from the proofs of Lemma 6.8(c) (in the case
u is a multiple of the genus vector of @) and Lemma 6.15 (in the case u is cuspidal).
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5. BACKGROUND: MODULAR FORMS

5.1. Modular forms and Hecke operators. There are many excellent general refer-
ences for modular forms; we mention [ | and | | that the reader wishing for more
details regarding the fundamentals may consult.

The group SL2(Z) acts on the upper half plane H = {z € C : &(z) > 0} by fractional

linear transformations as (‘Z g)z = ZIS Via z (‘12), we can view this as derived

from the action of SL2(C) on P*(C). This interpretation allows us to extend the action of
SL2(Z) to H* = HUP'(Q). One refers to (1 0)" as co.

A congruence subgroup of SL2(Z) is a subgroup I' < SL2(Z) such that " contains
the kernel of the reduction-by-N map SL2(Z) — SL2(Z/NZ) for some integer N. For
I' C SL2(Z) a congruence subgroup, the modular curve X (I') is the quotient I'\H". The
cusps of a congruence subgroup I' are the T-orbits in P*(Q).

Fixing an integer N > 1, we will be particularly interested in the congruence subgroup
of level N which is the preimage of the Borel subgroup of SL2(Z/NZ), denoted

FO(N):{<Z Z)— (; :) (modN)}.

A modular form of weight k € Z>( for a congruence subgroup I' is a holomorphic
function f: H — C, which is bounded in neighborhoods of the cusps of I' and satisfies the
transformation law f(vz) = (cz+d)* f(z) for ally = (2}) € I'. The set of modular forms
of weight k for I'o(N) is a finite dimensional vector space over C denoted My (To(NV)).
Every modular form f(z) for I'o(IN) has a Fourier expansion at oo

(14) flo) =) ang", q=4q(z) =", an€C.
n=0

This is often referred to as its g-expansion, and we will often write modular forms in
terms of their g-expansions. We will say f € Mp(I'0(N)) is normalized if a; = 1. Since
there exist nonzero modular forms with a; = 0, it is not true in general that every element
of My (T'o(N)) is a scalar multiple of a normalized form.

A modular form f € My (I'o(N)) is a cusp form if the suitably defined g-series expan-
sion of f(vz) has zero constant coefficient for all v € SL2(Z) (equivalently, f vanishes at
the cusps of I'g(IN)). We denote by S, (I'o(N)) the subspace of cusp forms of My (Io(NV)).

Fixing a positive integer N and an integer k£ > 0, there is a special family of linear
operators {1y }n>1 acting on My (Io(N)) known as the Hecke operators. For an inte-
ger n coprime to N, the nth Hecke operator acts on the g-expansion of a modular form

fla) =200 amq™ € Mi(I'o(N)) as

(15) (@ =2 >, d 'ampg”

m=0 dlged(m,n)
(cf. | , Proposition 5.3.1]).

Definition 5.1. Fix a positive integer N. We define the anemic Hecke algebra T3 to
be the Z-algebra generated by the Hecke operators T, on My (To(NV)) for all n > 1 with
ged(n, N) = 1. We say f € Mg(Io(N)) is a TX-eigenvector if f is an eigenvector for
all T e TR

When the level N is clear from context we may write T*" instead of T%'. There is also
a larger Hecke algebra T = Ty of operators on My (I'o(N)) generated as a Z-algebra
by suitably defined Hecke operators T, for all n > 1; see | , Section 5.3| for a full
definition. A T-eigenvector, that is a modular form f € My (To(N)) that is an eigenvector
for all T' € T, is often called a Hecke eigenform.
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Remark 5.2. Hecke operators may also be defined on other spaces of modular forms, but
we have restricted our presentation to the case relevant to this paper. For example, | |
discusses Hecke operators for I'y (V), and the results we need can be obtained by noting
that M (To(N)) is the set of modular forms for I'y (N) with trivial character (see | ,
Exercise 4.3.3(a)]). For instance, note that the diamond operators (d) for (d, N) =1 (see
[ , §5.2]) act as the identity on Mz (To(N)).

The action of T on M (I'o(IV)) preserves the cuspidal subspace Sk (I'o(N)). If ni,no are
a pair of coprime integers, then the Hecke operators T, and T, satisfy Trn,Tny = Thins-
If £ is a prime coprime to N, then the Hecke operators Tyn satisfy the recursion relation
Tyn+1 = TyTyn — €5~ 1T,_1, where T} is the identity operator. In particular, T*" consists
of pairwise commuting linear operators (cf. | , §5.3]). For a congruence subgroup T,
we can make Si(T') into an inner product space with the Petersson inner product
(o,0) : Si(I') x Sp(I') — C, defined by

() = g [ 1296 (3(:)" o)

where du(z) = djj;ly is the hyperbolic measure on the upper half plane and Vr denotes the

volume of the modular curve X (') with respect to this measure.

If n is coprime to N, then the Hecke operator T,, viewed as a linear operator on
Sk(To(N)), is self-adjoint with respect to the Petersson inner product (cf. | , Theorem
5.5.3] and Remark 5.2). In particular, this implies that Si(I'o(N)) has a basis of T*"-
eigenvectors with real eigenvalues.

For positive integers M | N there is an inclusion I'g(N) < T'o(M) giving an inclusion of
modular forms M (To(M)) < M (Io(N)). Moreover, if f € My (T'o(M)) and N = Mm,
then f(z) — f(mz) is also an inclusion My (Fo(M)) — My (To(N)); in terms of the ¢-
expansion, we write this as f(q) — f(¢™). For a fixed integer N, the old subspace
ST (N)) of Sk(I'o(IN)) is the subspace generated by

U U @™ : 1 €S},

MIN, |

M#N
and the new subspace S;°V(I'o(N)) of Sp(T'o(N)) is, per definition, the orthogonal
complement of Sg'¥(T'o(N)) in Sg(To(N)) with respect to the Petersson inner product.
Both Sp(To(N)) and Sp'¢(To(N)) are stable under the action of the full Hecke algebra T
(cf. | , Proposition 5.6.2]).

A modular form f € Sip(T'o(N)) is called a newform if it is a normalized T*"-
eigenvector in the new subspace Sp°"(I'o(N)). In fact S;°V(I'0(NN)) has a basis of new-
forms, which are all eigenvectors for the full Hecke algebra T with all eigenvalues in R
[ , Theorem 5].

If f(q) =3 ang™ is a newform in Sz(I'g(N)), the Deligne bound (credited in this case
to Eichler and Shimura) gives a precise upper bound on the sizes of coefficients: |a¢| < 2v/¢
for all primes ¢ (including ¢ | N). Since a newform f of level N has an Euler product

—1

L(s, f) = H (1 —app® +pk_1_28)_1 H (1 - app_s> )
ptN p|N

it follows that this bound can be generalized to all coefficients.

Lemma 5.3 (Deligne bound). If f(q) = Y anq”™ is a newform of weight 2 (and any level),
then

lan| < o0(n)V/n,

where oo(n) is the number of positive divisors of n.
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At certain points in the paper we study cusp forms that are T*"-eigenvectors, but which
do not necessarily lie in the new subspace. We can use the following result to decompose
these forms.

Lemma 5.4. Let g € So(To(N)) be a T*"-eigenvector. Then for some M | N, there exists
a single newform f € S3°V(To(M)) and coefficients cq € C such that

9(q) = caf(q?).

d| &

Proof. By | , Theorem 5|, So(I'o(N)) has a basis consisting of cusp forms f(¢q?), where
M varies over divisors of N, f varies over newforms in S3°V(T'g(M)), and d varies over

divisors of % We use this to write
k
d;
9(q) = _cifi(q™)
i=1

for some k > 1, ¢; € C~ {0}, M; | N, fi € SV (T'o(M;)), and d; | Mll If for some
1 < 4,5 < k we have f; # f;, then again by | , Theorem 5|, there exist infinitely
many primes ¢ (and in particular, at least one prime ¢ coprime to N) for which f; and
f; have distinct eigenvalues under Ty. But ¢ is an eigenvector under T¢, so all f; must
have the same eigenvalue under Ty, a contradiction. Hence all f; are equal to a single
newform f. O

5.2. Theta functions. Let A be an even integral lattice with respect to a bilinear form
(+,+) (see Section 2.1). The theta function 64(q) of A is the formal g-series

0r(q) = Z qémm> = Z an(A)q", where an(A)=|{z €A : $(z,z) =n}|
n=0

TEA

It is well known that the theta function of A is a modular form of weight and level
equal to the level of the lattice (Definition 2.1), with a certain character; see e.g. | ,
Theorem 20].

We will be specifically focused on the case where A = O is an order in a definite
quaternion algebra A equipped with the standard bilinear form (trace form) on A, so that
an(O) is the number of elements = € O with nrd(z) = n. In this case, the theta function
of O is a modular form of weight 2 and level N = nrd(O*)~! by Lemma 2.5.

Recall from Section 2.5 that M(O) denotes the Brandt module of O. The following
two results are well known throughout the literature (see for instance | , §3.3], or
[ , Theorem 2.14] and | , Proposition 2.23]), though they are typically stated
for a more restrictive class of orders. Since we are working in a more general setting, we
include proofs for completeness, though these proofs largely follow those appearing in the
literature.

Fix the standard basis {v1, ..., vs} for M(O) corresponding to the enumeration {[I;] =
(O], [I2], ..., [In]} of the right ideal classes of O as in Section 2.5.

rank(A)
2

Lemma 5.5. Let O be an order in a definite rational quaternion algebra, and suppose
N :=nrd(O") 1. There exists a symmetric bilinear pairing
O : M(O) x M(O) = Ma(To(N))

oo

O(v,w) := Z(v, Bhw)q".

n=0

In particular, 20(v;,v;) is the theta function of the lattice I; 17" with normalized trace
form (Definition 2.3), and 20(v1,v1) = o.
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Proof. We begin by considering © only as a map valued in the formal power series ring
R[¢]. The inner product on 2(O) is symmetric and bilinear, and B, is self-adjoint
(Lemma 2.9), so © is symmetric and bilinear. To prove that the image lies in Ma(T'o(V)),
it suffices to prove that ©(vs,v;) € Ma(T'o(N)) for all 1 < i,5 < h.

For arbitrary ,7, we have (v;, Bovj) = w;Bn(i,7), so that by Eq. (4), 20(v;,v;) is
the theta function of the lattice Iin_l with normalized trace form; this proves the final
sentence in the statement of the lemma, since we took I1 = 0. Observe that the level of
an integral quadratic form can be computed locally (for instance, because the dual lattice
can be defined locally, and integrality of a quadratic form is a local property). Locally
at each prime ¢, we can write (I;); = aO; and (I;); = BO, for some o, € A,

that (I;I;')e = BOa™*. Now let u := ::g((?)) r:lrj;(;)), which is in Z,. Then the map
1

x+— Bra~! is an isometry from O, to the lattice (I;I; '), equipped with the bilinear form
(z,y) = u{z,y),; ,—1. Multiplying the bilinear form of a Z,-lattice by a unit does not
J7i

affect the level. So taking all £ together, this proves that I;1; ! with the normalized trace
form has the same level as O.
Since the level of O is equal to N = nrd(O*)~! by Lemma 2.5, we have ©(v;,v;) €

M (T'1(N)) with character d — (é) by [ , Theorems 20, 20+] (see also [ ,
40.4.5]), where A = det({b;, b; >1 1_1)1<”<4 for a basis (b, b, bs, ba) of I;I71. Since A is
a perfect square by Lemma 2.4, "the character is trivial and O(vi,v;) € M2(To(N)). O

We next prove a compatibility between Brandt operators B,, and Hecke operators 75,
for n coprime to N. This compatibility does not hold more generally: even if u is an
eigenvector for all Brandt matrices in B(0), ©(u,u) may fail to be an eigenvector for
Hecke operators Ty with ¢ | N. See Lemma 6.14 for a counterexample.

Lemma 5.6. For all v,w € M(O) and all n > 1 with gcd(n, N) = 1, we have
T,.0(v,w) = O(v, Brw).

Before we begin the proof we set up some notation. Since B(O) is a commutative
algebra (Theorem 3.1) of operators that are self-adjoint with respect to the inner product
on M(O), there exists a simultaneous eigenbasis u1,...,un € M(O) consisting of vectors
that are pairwise orthogonal with respect to the inner product. We can normalize this
basis so that (u;,u;) = 1 for all 4; we will refer to this basis as a normalized Brandt
eigenbasis, and each element of the normalized Brandt eigenbasis will be called a Brandt
eigenvector. In the case of a submaximal O in a maximal O with [O : O] = r, we
will further impose the condition that each u; in a normalized Brandt eigenbasis is an
eigenvector of the operator W: defined by Eq. (11); this can be ensured by Lemma 4.12.
Observe that for any i # j we have

oo

(16) O(ui,u;) = > (ui, Buuy)g" =0,

n=0
because for all n > 0, Byu; is a scalar multiple of u; and hence orthogonal to u;.

Proof of Lemma 5.6. Let uq,...,u, be a Brandt eigenbasis for 9(O). For all n > 0
define the linear functional A, by Bnu; = An(ui)u; for each i. Let v = aqu1 + -+ - + apun
and w = byuy + - - - + bpup. By bilinearity together with Eq. (16), we have

h
w) = Zaim@(ui,ui), (v, Bhw) = Zalb An (17)O (us, us).

So it suffices to prove the following: for any Brandt eigenvector u € M(O), and any n
coprime to N, if we set
oo
Y

n=0

fu e O(u,u)
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then T}, fu = An(u)fu. Indeed, since (u;,u;) = 1 for each ¢, we have that O(u;,u;) = fu,
and hence by linearity,

h h
T.0(v,w) = Z aibi Ty fu; = Z aibidn (ui) fu; = O(v, Brw).
i=1

i=1

First consider the case n = ¢ for some prime ¢ 1 N. As seen above, f, € M2(I'o(N)),
so by Eq. (15), T; acts on f, as

oo

(17) Tifu=> ()\em(u) +€)\%(u)) qm.

m=0

Here for convenience we set Ac(u) = 0 for any c¢ that is not a non-negative integer: that
is, if £ m then the coefficient of ¢™ in Eq. (17) above is Agm(u). Now for each m > 1
write m = £*m’ with m’ coprime to £. Since Byx,,s = B B, by Lemma 3.6 we have the
equality Agk,,/ (1) = Ak (u) A (u) of Brandt eigenvalues (and a similar decomposition for
Am (u) if £ m), so the coefficient of ¢™ in Eq. (17) equals

)\m/(u) ()‘Zk+1 (u) + zAgk—l (u)) .

Now by an immediate simplification if k¥ = 0, and by Lemma 4.10 if £ > 1, this in turn
equals

A (W) Agr (W) Ao () = Ag(uw) Am (u).

Hence Ty fu = Ae(u) fu.
Now for the Hecke operator T,x with £ 4 N and k£ > 1, we induct on k. Using the
relation T¢Tyx = Tyr+1 + €T,x—1 and the inductive assumption, we obtain

TekJrl fu = (TZTék — [T[k—l)fu
= (Ne(w)Agr (1) — €A pr—1 (1)) fu.

By the Brandt matrix relation ByBx = Byk+1+£Byk—1, we can rewrite this as Agxr1(w) fu,
completing the induction. Finally, for the general case for n =[], 25 with ged(n, N) = 1,
we use multiplicativity of Hecke operators and of Brandt matrices. O

5.3. The cuspidal subspace. Recall from Section 4.2 that the Brandt module of an
order O C A contains a genus subspace Ma(O). Let M (O)* denote the subspace of
M(O) of vectors orthogonal to M (O) with respect to the Brandt module inner product.
We call M (O)* the cuspidal subspace of 9(O), and refer to elements of Ma(O)*
as being cuspidal, motivated by the following lemma. As with Lemmas 5.5 and 5.6,
this lemma also occurs in the literature for a more restricted class of orders (cf. | ,
Theorem 2.21], | , Proposition 5.27], and | , §3.3]), and we provide a proof of
the more general case for completeness, following the proofs in the literature.

Lemma 5.7. The map © from Lemma 5.5 sends 9(O) x M (O)* and Ma(O)*F x M(O)
into the space S2(T'o(N)) of cusp forms in Ma(To(N)).

Proof. By symmetry of © it suffices to prove M(O) x Mg(O)L is sent to cusp forms.
A straightforward computation shows that g (O)" is spanned by vectors of the form
v; —v; for 1 < 4,7 < h satisfying I; € Gen([;) (each of these vectors is orthogonal to every
element of Mg (O) by construction, and a counting argument shows that together with
Ma (O) they span the full Brandt module). So by bilinearity of ©, it suffices to prove that
O (vk,v;) — O(vk, v;) is a cusp form for all 1 < i,5, k < h with I; € Gen(I;).

Since I; and I; (with their associated normalized trace forms) are in the same genus,
Iil,zl and Ij[;l are also in the same genus. To see this, let £ be an arbitrary prime, and
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let ¢ : (I;)¢ — (I;)¢ be an isometry. Write (I); = vO, for some v € A). Then for any
z,y € (LI ")e, we have zv,yy € (I;)e, s0

trd((¢(zy)y~ ) (e(yy)y")) _ nrd(y)~' trd(d(zy)9(y7))

nrd(7; 1, 1) nrd ()1 nrd(Z;)
nrd(y) ™" trd((27)(y7))
nrd(lx)~t  nrd(l;)
_ trd(27g)
nrd(LI;Y)

Thus x — ¢(zy)y ™" defines an isometry (I,;I, ')e — (I;I; )¢, with bilinear forms respec-
tively induced by the normalized trace forms on I; I, Yand ;T o 1 Tt is a classical result
that if two lattices are in the same genus then the difference of their theta functions is a
cusp form (see e.g. | , p- 577]). So we can conclude that (v, v;) — O(vk,v;), and
hence every modular form in the image of M(O) x M (O)* under O, is a cusp form. [

The space of genus vectors for a submaximal order O was determined in Section 4.2:
we found that Mg (O) is typically 1-dimensional (spanned by the vector e), but in certain
special cases it is 2-dimensional (spanned by e and €’). As a consequence of Lemma 5.7,
we have that O(u,u) € S2(I'o(N)) for any Brandt eigenvector u orthogonal to e (and to
e’ if defined).

6. DECOMPOSING THETA FUNCTIONS OF QUATERNION ORDERS

For the remainder of the paper, A is a definite quaternion algebra over Q. As in the
discussion immediately following Lemma 5.6, we define a normalized Brandt eigenba-
sis of M(O) to be a basis u1,...,u, which is orthonormal with respect to the standard
inner product on 9MM(O), and such that each u; is an eigenvector for every operator in
B(O); such a basis exists by Theorem 3.1. If u is a Brandt eigenvector, we write A, (u)
to denote the eigenvalue of u under the action of the Brandt matrix B,,.

6.1. Theta function decomposition. Since Theorem 3.1 guarantees the existence of a
normalized Brandt eigenbasis, the following result is a more precise version of Theorem 1.6.
We will use this result to decompose 6o into individual modular forms that are easier to
analyze, from which we can obtain explicit bounds on the number of elements of each
norm in a quaternion order.

Theorem 6.1. Let O be an order in a definite quaternion algebra A over Q, N :=
nrd((’)u)_l, and let h be the class number of O. Let ui,...,un be a normalized Brandt
eigenbasis of M(O), and set f; = O(ui,u;) for each i = 1,...,h. Then each f; is a
normalized T*" -eigenvector, and

0o(q) = c1fi(q) + -+ cnfr(q)

for some non-negative real numbers ci,...,cp withci +---+cp = |(9X |.
Proof. By Lemma 5.6, we can conclude that f; := ©(u;, u;) is a T*"-eigenvector for all
t=1,...,h. The coeflicient of ¢ in f; is (us,u;) = 1 because B is the identity matrix, so

fi is normalized. We are left to show that we can write
0o =cifi+ - +ecnfn

for non-negative real coefficients c1, ..., ¢, satisfying ¢1 +--- 4+ ¢, = |O%|.
Let v1,...,vn be the standard basis of M(O), ordered so that I; = O. By Lemma 5.5,
we have 20 (vi,v1) = 0o. Let (c¢ij)i,; € GLi(R) be a change of basis matrix so that

Vi = Ci1u1l + -+ CinUn
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for all ¢ = 1,...,h. By Eq. (16) we have ©(u;,u;) = 0 for all ¢ # j, so together with
bilinearity and symmetry of © we have

h h
(18) 0o =20(v1,v1) = 226%2-@(1%,%‘) = ZZcfifi,

i=1 i=1

so ¢; = 2¢}; > 0. We find |O*| =}, ¢; by comparing the coefficient of g on each side. [

Remark 6.2. Even though the conclusion of Theorem 6.1 only involves Hecke operators
T, with n coprime to N, the full commutativity of B(0) is still essential to the proof. If
u1,...,un forms an orthogonal basis of eigenvectors of B,, for all n coprime to N, but are
not eigenvectors for all By, then Eq. (16) may not necessarily hold.

We will apply Theorem 6.1 to maximal and submaximal orders O. For this, it will be
helpful to have a more refined statement, obtained by separating the Brandt eigenvectors
into two types: those in the genus subspace Mg (O), and those orthogonal to the genus
subspace.

Corollary 6.3. Let O be a maximal or submazimal order in a definite quaternion alge-
bra A over Q, and N := disc(O). There exist g € Ma(T'o(N)) and B(O)-eigenvectors
ULy ...y Um € M(O) for some m > 0, satisfying the following properties.

(a) The modular form g satisfies

dy Gzii’;) + ds e(((;:;;;) if [O:0]=p+#2 and p|disc(A),

otherwise,

for some di,d2 > 0, where e, e’ are as defined in Eq. (9) and Eq. (10).
(b) For1<i<m, fi :=0O(usu;) is a normalized T*" -eigenvector in Sa(T'o(N)).
(c) There exist c1,...,cm > 0 with c1 + -+ + ¢cm < |0 such that

(19) 0o(q) —g(q) = c1fi(q) + -+ emfm(q)-

Proof. We use Lemma 4.5 to obtain N = nrd(O%)~! = disc(0). If [D : O] is not equal
to an odd ramified prime of A, then we have from Lemma 4.7 that 91(O) has only one
(linearly independent) genus vector, namely e. In the other case, by Lemma 4.8, it has
exactly two (linearly independent) genus vectors, namely e and ¢’.

Since e and €’ are B(0)-eigenvectors (see Lemma 4.6 and Lemma 4.9), we can extend
these to a Brandt eigenbasis for 9(0). Lemma 5.7 shows that every Brandt eigenbasis
vector outside the genus subspace is cuspidal. We normalize the Brandt eigenbasis and
apply Theorem 6.1; the desired result is obtained by re-labeling. ]

Remark 6.4. It is possible to have m = 0 in Corollary 6.3, for instance whenever O is a
quaternion order of class number 1. In this case (b) is vacuous and (c) states that 0o = g.

The form g should be thought of as the “Eisenstein component” of . We avoid this
terminology as we have not shown in all cases that it belongs to the Eisenstein subspace in
M (To(N)). In particular, while ©(e, ) (and O(e’, ¢’) when it exists) is a T*"-eigenvector,
it is not necessarily an eigenvector for the full Hecke algebra T. Thus it may have a nonzero
cuspidal contribution, provided that the coefficient of ¢" for this cusp form is zero for all
n coprime to disc(O).

We compute the coefficients of g in Section 6.2, and bound the coefficients of each cusp
form f; in Section 6.3.
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6.2. Contribution from genus vectors. As established in Corollary 6.3, the contribu-
tion of the genus subspace to the theta function 6o is captured entirely by the modular
form g. For maximal orders and most submaximal orders, this contribution comes only
from the standard genus vector e. The unique exception occurs for submaximal orders of
index odd p | disc(A), which have a second genus vector €’.

Our goal in this section is to explicitly compute and bound the coefficients of g, treating
the exceptional two-vector case separately in Section 6.2.3. Let ¢(n) =n]],, (1—7) be
Euler’s totient function.

Proposition 6.5. Let O be mazimal or submazimal, € disc(A) prime, and k > 1. Let
9(q) = > gn(O)q" be as defined in Corollary 6.3. If O is mazimal, then

24 (F 1
9ek = 900(0) = oAy 1-1

and if O is submaximal, then

(20)

16 1
1) 0= 9 < Sifisc(A) =1
We prove this in three stages. We first compute di, which requires computing the
eigenvalue of e under By. We then compute the eigenvalue of e under Byr. Finally we
consider the contribution from e’ when it exists.
Note that e = Bov; for any standard basis vector v;; it is a column eigenvector for B,
for all n > 0.

Remark 6.6. This description assumes we treat the Brandt module as column vectors
with v +— B,v. We have B,v = v’ if and only if (v'D)B,, = (v')" D, where recall D is the
diagonal matrix with D(i,7) = w; as above. Thus the genus row vector is the constant
vector e!D = %(1, 1,...,1), which up to scaling is the convention in [ ]

We now consider the coefficients of (?(:;';) =Y > ,An(e)q", where A\n(e) denotes the

eigenvalue of e under the action of B,,. Since Bj is the identity matrix, we have A\i(e) = 1.

6.2.1. Constant term. A direct computation gives us Ao(e) = Y. 5-—. We can evaluate

this using the Eichler mass formula | , Main Theorem 25.3.19]:
h
1 disc(O)
M©) =2 g0 =5 11 0.0,
i=1 £|disc(O)

where for £ | disc(O) we have

1+ % if Oy is residually split,
MO, b)) = 41— 7 if Oy is residually inert,
1- é% if O, is residually ramified
(see | , Definition 24.3.2]). If O is maximal and ¢ | disc(O) then A, is a division

algebra and Oy is residually inert. Now consider the classification of submaximal orders
in Lemma 4.2, with r being a split prime of A and p a ramified prime of A. If O is an
Eichler order of index r then O, is residually split; if O has index p then O, is residually
ramified; in every other case, £ | disc(O) implies Oy is residually inert. We therefore have
the following for any maximal or submaximal order O C ©O:

1 if[D:0] =1,

) r+1 if[O:0]=mr

(22) Ao(e):w- p+1 i[O 0] =p,
r(r—1) if [D:0] =12,

p? if [O: 0] = p*.
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6.2.2. Nonconstant terms. Now suppose n > 1 is coprime to disc(.A). For each submaxi-
mal O we will determine A, (€e).

Lemma 6.7. Forn>1,
(23) An(e) = [{J Cn I},

and the quantity does not depend on j. Hence, Amn(€) = Am(e)An(€) provided that m,n are
coprime, and the value of A\ (e) depends only on the isomorphism type of the completion

Oq.

Proof. Since we have e’ B}, = A\, (e)e’, we obtain e’ B}, D = \,(e)(e'D), where as before D
is the diagonal matrix with D(4,i) = w;, the matrix giving the inner product, and e'D =
%(1, 1,...,1) is the genus row vector. Since B, is self-adjoint by Lemma 2.9, we have that
DB, = BLD, and so it follows that (e’D)B, = A,(e)(e'D). This implies that A, (e) is
equal to the sum of entries in a column of By, and so Eq. (23) follows from Lemma 3.3. The
other assertions follow easily from Eq. (23) together with the local-global dictionary. O

By the multiplicativity of A, (e) in Lemma 6.7, it suffices to determine A, (e) for prime
powers. This is carried out in the following lemma for powers of a prime ¢ in the cases of
maximal and submaximal orders.

Lemma 6.8. Let O be mazimal or submazimal, £ and r primes not dividing disc(A), and
E>1.

(a) If £ 1 disc(A) and O, is mazimal, then A (e) =
(b) If (O : O] =7, then A\x(e) = grttiol g,

r—1

(c) If[O: 0] =72, then \u(e) =rF —r.

ot
=1

Proof. Part (a) is classical. Indeed, since Ai(e) = 1 and A¢(e) = £ + 1 for all primes
£t disc(A), using the relation Agr+1(e) = A (e)Ae(e) — €Ar—1(e) (cf. Lemma 4.10), we
can obtain by induction that A\, (e) = Zk;jl’l.

For (b): note that this case is the one studied in Section 4.3.2, and so Lemma 4.14
applies. Indeed, the proof of this lemma shows that there are 2r 4 1 right ideals of
norm 7 in O. This implies that A.(e) = 2r + 1 using Lemma 6.7. We also observe that
Wee = e by definition of W, (see Section 4.3.2 for its definition). We obtain the relation
Art1(e) = (r+ 1Ak (e) — rAk—1(e) by the recurrence relation in Proposition 4.13, and
so the assertion follows.

For (c): by the definition of E, since e has strictly positive entries (in the standard
basis), Fe also has strictly positive entries. Hence the Fourier expansion of ©(Fe, Ee)
has nonzero constant term, and Ee is not in the cuspidal subspace of MM (D). Now let
e € M(O) be the genus vector for O, and take n > 1 such that A,(€) is distinct from
An(u) for all cuspidal Brandt eigenvectors u € 9M(O); such n exists, for example, by
applying part (a) and taking k sufficiently large so that A, (€) is larger than the Deligne

bound. By Proposition 4.22; Fe is an eigenvector for B,. Since Fe is not in the cuspidal
subspace, and € has distinct eigenvalues from all cuspidal eigenvectors, this forces Fe to
be a multiple of €. Hence A\« (Ee) = Tk+1f1 by part (a), and applying Proposition 4.22

again we find that -

/\k(e):(r2fr)r77:rkfr. O

T

We have now determined A, (e) for all n coprime to disc(.A). As discussed above, certain
cases admit a second genus vector e¢’. We compute the corresponding eigenvalues A, (e’)
in the following subsection.
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6.2.3. Two-dimensional genus space. Let O be submaximal of index p > 2 ramified in
A. This is the special case of two genus vectors e and ¢’ as was mentioned above (see

Lemma 4.8). The proof of | , Theorem 5.34(b)| shows that A, (e') = (%) An(€) for

all n > 0, where %) is the Legendre symbol. In particular, Ag(e’) = 0. We show that
O(e,e) and O(e’, €’) contribute equally to . More precisely, di = d2 and (e, e) = (¢’,€’)

in g(q) = d @<(:$) + do %‘fjj;) (see Corollary 6.3).

Lemma 6.9. The coefficients of the normalized non-cusp forms in 0o are equal: di = da.

Proof. Let v1 be the first vector in the standard basis of 9(O), ordered so that I; = O.

For a Brandt eigenbasis u1 = e,uz = €', us, ..., un, we write
h
/
V1 = aie + aze + E a;Us,
i=3

and we have a1 = <<ve1 ‘:>> and as = EZ} :,/; by orthogonality. As in Eq. (18), we write using

the decomposition of the theta function,

0o = 20(v1,v1) = 2a3O(e, €) + 2a50(€, €') + - - - + 2a; O (un, un),
and so
2(v1, e)? 2(v1, €')?
(e, €) (e’,e)
By direct computation of the inner products, the negative signs in e’ are squared, implying
that {(e,e) = (¢/,€’). Furthermore, since (vi,e) = viDe, where D is the diagonal matrix
with D(,7) = w;, we obtain that

(v1,e) =w R
DO 2wy ) T 2
1

Similarly, (vi,e’) = w1 (E) = 1. We now see that (e,e) = (¢/,€’) and (v1,e) = (v1,€’).

dy = 2d3(e,e) = and ds = 2a3(e/,¢’) =

Therefore, d1 = da, which proves the assertion. O

6.2.4. Proof of Proposition 6.5. We now compute the non-cuspidal part’s contribution for
maximal orders, and bound the contribution for all submaximal orders. Recall first that
the g-expansions of the cusp forms have zero constant term. Recall also that there is only
one case, namely [O : O] = p # 2, for which the genus space is 2-dimensional.

First suppose O is maximal. Comparing constant terms in Eq. (19), we have 1 =
diXo(e), so that di = m by Eq. (22). Then g;x = di)gk(e) is determined by
Lemma 6.8(a), and Eq. (20) holds as desired.

Suppose now that O is submaximal, so that it is one of the four types of orders listed
in Lemma 4.2. We first consider the case that £ divides disc(O). Since £t disc(.A), this

implies £ = 7 is a split prime of A and either [O : O] = 7 or 72. By Lemma 6.8 we therefore

have A,k (e) = 27"k:_11_1

—1or A\ux(e) =r* —r, respectively. Observing that

k4+1_q
ko 25 — — 1 2 Pkt _q

< < .
rir—1) — r+1 —r+1 r—1

T

for all primes r and all k¥ > 0, we can conclude in either case (using the corresponding
value of A\o(e) from Eq. (22)) that

~ Ale) 24 2 Mt
Ik = Xo(e) ~ ¢(disc(A4)) r+1 r—1"

giving the desired bound in Eq. (21) since r > 2.
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Now suppose £ { disc(O), so Op is maximal. We first consider the case that [O : O] is
not an odd ramified prime of A, so Mq(O) is one-dimensional. From Eq. (22) we see that
Xo(e) > W -2 for any submaximal order O. It follows from Lemma 6.8(a) that

A (e) 12 Al
9= Nole) = d(disc(A) -1 °
which is strictly smaller than the desired bound in Eq. (21).

Finally suppose [O : O] = p # 2 is ramified in 4, so that Mg (O) is two-dimensional.

By Lemma 6.9, we have that g(q) = di (e(e,e) + Stehe)

(e,e) (e’,e”)

terms in Eq. (19), we again have 1 = diAo(e). Recall that A, (e’) = (%) An(e). Thus

), and so comparing constant

Aok (€) 4 i (€) Aok (€) oF 2 (€)
9er Xo(e) Xo(e) = Nole)
Using Eq. (22) to compute Ao(e) = ‘zﬁ(di;iz(m)(p+ 1) and Lemma 6.8(a) to compute A (€),

we conclude
24 A

2
< . .
ek = p+1 ¢(disc(A)) £-1
This implies Eq. (21), because p > 3. Since we have seen that the desired bounds in
Proposition 6.5 hold in all cases, the proof is complete.

Remark 6.10. If we assume ¢ > 3, then the same proof shows that
< 12 Mo
9eb = (disc(A)) -1
for any submaximal order O. If 2 t disc(.A) then this stronger bound is sharp: for any
prime ¢ > 3 and k > 0, equality is obtained for submaximal orders of index 4.

6.3. Cuspidal contribution. Now suppose v € 9M(O) is a simultaneous eigenvector of
B(O) (and also of W, if O has index r), normalized so that (u,u) = 1. Assume that
O(u,u) € S2(Io(N)) is a cusp form, where the level is N = disc(O) (Lemma 4.5).

Following the proof of Lemma 5.6, O(u,u) is a T*"-eigenvector. While it does not
generally belong to the new subspace S3°%(I'o(IV)), the Deligne bound (Lemma 5.3) still
applies to its n-th Fourier coefficient A, (u) whenever n is coprime to N.

The complication arises when our prime ¢ divides the level. Indeed, since N = [O :
O] disc(A) and the prime ¢ may equal the index 7, there are situations where ¢ divides N,
preventing the direct use of the Deligne bound. To bypass this, we establish slightly
weaker bounds on A.x(u) by relating ©O(u,u) to suitable newforms, and applying the
Deligne bound to the coefficients of those newforms instead.

Proposition 6.11. Let O be mazimal or submaximal, and let u € M(O) be a cuspidal
Brandt eigenvector. Let £t disc(A) be prime. If O has index r in a mazimal order, assume
further that u is an eigenvector of W.. Then for all k > 1,

| Agr ()] < 2keF+D/2,
As in Section 4.3, we break into cases depending on the power of ¢ dividing disc(O).
That is, either O, is maximal, O is submaximal of index r and ¢ = r, or O is submaximal

of index 2 and £ = r. In each case we relate the coefficients of ©(u,u) to the coefficients
of a newform f of appropriate level.

Lemma 6.12. Let O be a mazimal or submazimal order, ¢ t disc(O) a prime, and let
u € M(O) be a cuspidal Brandt eigenvector. Then there exists a newform

F(@) = bng" € S5(To(M))
for some M | disc(O) such that X\x(u) = by for all k > 0.
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Proof. The condition £  disc(O) implies A is split at £ and O, is maximal. By Lemma 5.4,
there is a newform f of some level M | N, N := disc(O), with

d
O(u,u)(q) = > caf(q?)
d| &
for some coefficients c¢q € C, with ¢; = 1 by comparing the coefficient of ¢ on each side.
Since £ { disc(O) by assumption, every nontrivial divisor of % has a prime factor distinct

from ¢. So only the d = 1 term contributes to the coefficient of qek. O

Remark 6.13. By a result of Ponomarev, we can strengthen Lemma 6.12 if O is maximal:
for any cuspidal Brandt eigenvector u € MM(O), O(u,u) is a newform in Sz(Io(disc(A)))
[ , Theorem 4].

Lemma 6.14. Let O be submazximal of index v, and u € M(O) a cuspidal Brandt eigen-
vector which is also an eigenvector for W.. Then either |\ (u)| = 1 for all k > 0, or
there exists a newform

flg) = bag" € S2(To(disc(A)))
and § € {—1,1} such that
O(u,u)(q) = fq) + 70 f(q").

Proof. Let N = disc(O). We write a, := An(u) for convenience. By Lemma 5.6 and
Lemma 5.4, there is a newform f € Sa(I'o(M)) for some M | N such that

Ou,u)(q) = > caf(q®)
d| &

for some coefficients cq € C. Write f(q) =Y oo,
on both sides,

ap = z Cdbn/d-
d|ged (n,%)
Observe that N is squarefree. We first prove that disc(.A) must divide M. If not, suppose p

divides disc(A) but not M. Then since the level of f is coprime to p, its coefficients obey
the standard Hecke relations b k+1 = b,xbp — pbyk—1. On the other hand we have a, = +1

bnq™ with by = 1. Comparing coefficients

since B2 = 1 (Lemma 4.11). Solving the equations a, = b, + ¢, and
P p = Up T Cp
1=ay2 =by,2 +cpbp = bf, —p+ cpbp,

we find |bp| = p + 1, which contradicts the Deligne bound. Hence we have either N = M
or N=rM.

First consider the case N = M, so O(u, u) is a newform of level disc(O). Then a,x = b,
for all k£ > 0. Since r divides the level of the newform f, the coefficients satisfy a,» = a*
forall k>0 , Theorem 3(ii)’|. Applying the recurrence relation of Proposition 4.13
to a,, we find

af = al a, — r6) —ral 2,
where ¢ is the eigenvalue of u under the involution W,. Taking k = 2 we find da, = —1,
so that |ar| = 1. Hence |a,x| =1 for all k.

Now consider the case N = rM, so ©(u,u)(q) = f(q)+cf(q") for some f € S2(To(M))

and ¢ € C. This results in the equation

Gyl = bk + cbpu—1

for all £ > 0 (using the convention that b, = 0 if x is not a positive integer). Now since r
is coprime to the level of f, the standard Hecke operator recurrence relation applies to the
coefficients b,.x, while the a,r coefficients are instead subject to the recurrence relation of
Proposition 4.13.
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We took our eigenbasis so that u is an eigenvector for W, as well, so as a consequence,
letting 6 = +1 be the eigenvalue of u under W, we have for all k > 2,

bk + b1 = (bpr—1by —rbk—2) + c(bk—2byr — rb.r-3),
apk = apk—1(ar —18) — TAK—2
= (byk—1 + cbk—2)(byr + ¢ —18) — r(bk—2 + cbr—3),
and the equality of these expressions simplifies to
(¢ = 7r0)(bpr—1 + cbr—2) = 0.
If b—1 + cb,r—2 = 0 for all k > 2 then b, = —c and b,2 = ¢?, contradicting b,2 = b2 — 7.
Thus ¢ = rd, so we can write

O(u,u)(q) = f(g) +7df(q"). O

Lemma 6.15. Let O be submazimal of index r*, and let w € 9M(O) be a cuspidal Brandt
eigenvector. Then either A,.x(u) =0 for all k > 1, or there ezxists a newform

f(@) =) bug" € Sa(To(disc(A)))
such that A(u) = 0 and Ak (u) = (12 — r)b,—2 for all k > 2.

Proof. If Ak (u) =0 for all k£ > 1 then we are done, so suppose this is not the case. Then
by Proposition 4.22, we have A-(u) = 0, and there exists w € M(O), an eigenvector for
B, € B(9) for all n > 1, satisfying A« (u) = (r? — r)Ax—2(w) for k > 2. Now since u is
cuspidal we have Bou = 0, so the sum of entries of u is 0. By definition of E, the sum of
entries of Fu equals the sum of entries of u, so we can conclude By (Eu) = 0. Thus Eu is in
fact a cuspidal eigenvector for the full Brant algebra B(9O). Therefore there is a newform
f(q) = 3 bng™ such that A\« (w) = b,x by Lemma 6.12. Hence A, (u) = (r? — r)b,x—2 for
all k£ > 2 as desired. g

Proof of Proposition 6.11. If O, is maximal then there is a newform f(q) = > bnq™ such
that A\ (u) = byr by Lemma 6.12, so [Ag (u)| < (k + 1)£%/2 by the Deligne bound.

If O is submaximal of index r and ¢ = r, then either |\ »(u)| = 1 for all k, or there is
a newform f(q) =Y bng" such that A.x(u) = b.x £ rb.x—1 by Lemma 6.14, so

Ak (W)| < [byr] 4 71bys—1 |
< (k+ 1)r*? 4 plr=D/2
= (k+ 1+ kyr)r*/2.

If O is submaximal of index r? and £ = r, then either .« (u) = 0 for all k, or there is a
newform f(q) = 3" bng™ such that \.(u) = 0 and A\« (u) = (r* — r)b.x—2 by Lemma 6.15.
In the latter case, with the Deligne bound |b,x—2| < (k — 1)r*=2/2 we therefore have

Ao (W) < (72 = r)(k — 1)rF=2/2 < fpkt2)/2
for k > 2 (and the bound for k = 1 is immediate). -

7. COUNTING ELEMENTS OF PRESCRIBED NORM

Let A be a definite quaternion algebra over Q. For an order O C A, we let a,(O)
denote the number of elements of norm 7 in O, so that 8o (q) = >77 , an(O)q".

Proposition 7.1. Let O C A be an order, £ t disc(A) a prime, and k > 1 be an integer.
If O is maximal then

S 24 g1
~ ¢(disc(A)) -1

a(0) — 12k FFD/2
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and if O is not maximal then

16 o

< (k+2)/2
S S(diso(A)) €—1 1M

ap(0)

Proof. Once we prove the upper bound on a, (O) for submaximal orders, the same up-
per bound for all non-maximal orders will follow, because any non-maximal order O is
contained in a submaximal order O’ and hence a, (O) < ayx(0O'). We therefore assume,
without loss of generality, that O is either maximal or submaximal.

We first consider the case that |[O*| > 6. Up to isomorphism, there are precisely three
such quaternion orders | , Theorem 11.5.14]: these are the quaternion orders with
discriminants 2 (the Hurwitz order), 3, and 4 (the Lipschitz order). The lattice structures
of these orders are well studied (they are Dy, the orthogonal direct sum As @ As, and Z*,
respectively), and in particular there are closed formulas for their theta functions: for any
quaternion order of discriminant N with (N — 1) | 12, one has

x, _ 24 _ RS m
07= =7 and fo(g) =1+[0"|> [ > d|q
m=1 \ Ntd|m
(for instance, using | , Chapter 26]), so in particular we have

24 VA |

an(0) = ¢(di880(A)) Eifu__l 17

¢(disc(A)) £—1 7

disc O = 2 or 3 (maximal)

disc O = 4 (submaximal).

In all these cases the desired inequalities hold.

From now on we assume |O*| < 6. Recall that in the case of a submaximal O of
index r in a maximal order, we assume that each wu; is an eigenvector of the operator W,
defined by Eq. (11) (this is possible by Lemma 4.12). First we use Eq. (19) to write

0o(q) —g(q) = a1 fi(q) + -+ + emfm(q)

with g(g) the non-cuspidal part, ci,...,cn non-negative real numbers, ¢1 + -+ + ¢m <
|O*| <6, and f1,..., fm normalized cusp forms that are T*"-eigenvectors. Write f;(q) =
> aing" for each i, and g(q) = > g.(O)q". By Proposition 6.11, we have |a; ;x| <

2k0+2/2 for all 4 and all k > 1. So comparing the coefficient of qék on both sides, we
obtain

|aek(0) - g,_;k((’))‘ < etlag | 4+ e, or]
< (1 4+ em) 2k T2
< 12k D)2
and therefore
Gor (0) = 12k6FFD/2 < 4, (O) < g (O) 4 12k£FFD/2,

We now apply Proposition 6.5 to obtain the exact value of g, (O) if O is maximal, and
an upper bound on g, (O) if O is submaximal. O

Theorem 7.2. Let 9 be a mazimal order in a definite quaternion algebra A over Q, and
let £ 1 disc(A) be a prime. For any k > 1 satisfying

(24) (F=2/2 5 34 (disc(A))k,

the elements of norm €% in O generate © as a Z-algebra.
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Proof. Let O be any proper suborder of O, and apply Proposition 7.1:
k1
> . 8 ¢ 1
~ ¢(disc(A)) £—-1
3 k (k+2)/2
> ———— 0" — 24kl
~ ¢(disc(A)) ’

which is strictly positive by Eq. (24). This proves that the elements of norm 2% in © do
not lie in any proper suborder of 9, so the Z-algebra they generate must be the entirety
of O. 0

apr (D) — amw(0) — 24f ¢k +2)/2

If we take A = A, to be ramified at exactly p and oo, then we have ¢(disc(A)) = p—1,
so Theorem 1.1 follows.

8. BOUNDING THE NUMBER OF GENERATORS

Suppose we wish to find a set of generators for a maximal order £ with norms con-
strained to lie in some set S of positive integers. As a running example we may take
S = {¢* : k > 0} for some prime £ { disc(A). Theorem 7.2 tells us that we can replace the
set of allowable norms S with the singleton {¢*} for any sufficiently large value of k. On
the other hand, the corresponding set of generators for © may a priori be quite large.

Proposition 8.1. Let O be a mazximal order in a definite quaternion algebra A over Q.
Suppose that O is generated as a Z-algebra by a finite set Co, and let n be the mazimum
norm attained by any element of Cy. Then O = Z[C] for a subset C C Cy with

|C] < 2log,(n) — log,(disc(A)) + 4.

Proof. Since © = Z[Cy], there must exist non-rational «,8 € Cy that do not lie in
the same subfield of A. Let A¢ = Z[w,]. Since o, € O, one can check that Ag =
Spany (1, o, B, aB), a full rank lattice. Given {b1,b2,bs,bsa} = {1,a, 8,8}, a Z-basis of
Ao, recall that the reduced discriminant of A is the square root of the determinant of the
Gram matrix (b;,b;) = trd(b;b;). Since the trace form is positive definite, Hadamard’s
inequality gives

det((bi, bj)) < H(bi, bi),

where
4

4 4
[ @i, 0:) = [ trd(pibi) = [ ] 2nrd(b:) = 2*nrd®(a)nrd®(8) < (2n)".
i=1 i=1 i=1
It follows that

disc(Ao) = y/det ((bi, b;)) < 4n?.
Therefore,
disc(Ao)  disc(Ao) < 4n?
disc(D) = disc(A) ~ disc(A)’
Now for ¢ > 0, if A; # O, it is possible to pick ;11 € Co ~ A; and let A;y1 =
Zla, By, 71,y - -, vit1). Then A; is strictly contained in A;41. Once we reach a value of m
with A, = O, we take C = {a, 8,71, ..,¥m}. Since

[O : Ao] =

[O: A1) < 2D A4 fori=0,...,m—1and [D:An] =1,

1
2
we must have

m < log, ([ : Ag]) < log,(4n?/ disc(A)).
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As an example, let p, £ be primes with p > %PO +1. If k= L% log,(3p —3)] + 1, so we
are in the conditions of Theorem 1.1, then O is generated by the set of elements of norm
2. So we may conclude that there is a set of at most

5log,(3p — 3) log, (£) + 2log,(£) — log,(p) +4 < log2(p4ﬁ2) +12

elements of norm £ that generates . While the number of elements of this generating
set is polynomial in the bit length of p, it should be possible to find an even smaller
generating set. The following result tells us that we can indeed find a generating set with
a very small number of elements, provided that we remove the constraint that the norms
must be small.

Theorem 8.2. Let 9 be a mazimal order in a definite quaternion algebra A over Q. Let S
be any infinite set consisting of positive integers coprime to disc(9). Then O = Z[C] for
a subset C C O with |C] < 3 and nrd(z) € S for allz € C.

More precisely, we will show that there exist elements «, 8,7 € 9, each with norm in S,
such that © = Span, (1, «, 8,7, af, ay, B7).

Remark 8.3. Here are a few remarks on the optimality of Theorem 8.2. First note that
this result does not hold for arbitrary quaternion orders, even if we exclude the bound on
|C|. For instance, if O is an Eichler order of index 2 in a maximal order, then O is not
generated by any number of elements of odd norm | , 2.3.4].

We also note that Theorem 8.2 does not hold under the constraint |C| < 2, even if
we remove all constraints on the norms of elements of C. Indeed, if £ is generated as a
Z-algebra by two elements a1, a2 € O, then by | , Definition 15.4.4] we have

disc(A) = disc(9) = |trd((a1a2 — aza1)araz)| = |nrd(a1az2 — aza1)],

so that O contains an element a;a2 —asa: of trace 0 and norm disc(.A). Not every maximal
order contains such an element: for instance, if disc(A) = p, then O has an element of
trace 0 and norm p if and only if it is isomorphic to the endomorphism ring of an elliptic
curve over F,. One can use | , Proposition 3.1] to show a partial converse: if O is
isomorphic to the endomorphism ring of an elliptic curve over Fj, then it is generated as
a Z-algebra by two elements.

The key ingredient in the proof of Theorem 8.2 is the notion of theta functions of lattice
cosets: given a lattice A C A, an element ¢ € A, and a positive integer m, we may define
the theta function of t + mA. If ¢ ¢ mA then this is an inhomogeneous theta function. We
use the following local-global principle for representability of integers by inhomogeneous
theta functions, which is a variant of | , Theorem 6.6.1].

Theorem 8.4. Let A be a definite quaternion algebra over Q and O C A an order. Let
d > 2 be a squarefree positive integer, and t € O with t ¢ £O for all primes £ | d. For any
sufficiently large positive integer p coprime to disc(Q), if there exists x¢ € t + (dO & Z¢)
with nrd(xz¢) = p for all primes ¢, then there exists x € t + dO with nrd(z) = p.

In fact Theorem 8.4 still holds even if we drop the squarefree constraint on d, but the
necessary modifications to the proof take some extra work which is not needed for our
applications here.

Proof. If d is prime then this is a special case of | , Theorem 6.6.1], with L = Q,
n=4, A= 0, p=dZ, and M = t+ dO. We indicate here how the proof changes for
arbitrary squarefree d. A rough sketch of the proof is to decompose the theta function
of M into a cuspidal part and a non-cuspidal part, and, as in Proposition 6.5, to show that
the non-cuspidal part grows sufficiently rapidly as p increases (faster than the cuspidal
part). The coefficient of ¢* in the non-cuspidal part of the theta function of M is labeled
cu(Og(any) in | |. The only part of the proof of | , Theorem 6.6.1] that does not
go through verbatim is the claim that the ratio of ¢, (0 (ar)) to c.(0g(a)) is bounded below
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by a positive constant that does not depend on u; for this, we must modify the proof of
[ , Lemma 6.5.6].
Applying (6.21) and (6.22) of loc. cit. to both M and A we obtain

m(g(A))
c,. (0 Cue(En;0) = ———=5cu(0ga cue(En; 0),
H( g(M))];[ w ( ) m(g(M)) /1«( a( ))1;[ w ( )
where ¢, ¢(Ear; 0) and ¢, ¢(Ena;0) are certain local densities associated to Eisenstein series,
defined in | , p- 71], and m(g(A)) and m(g(M)) are masses of the genera of A and M
respectively. Since My = A, for all primes £ 1 d, we may restrict the product on each side
to £ | d. The proof of | , Lemma 6.5.6] shows that ¢, ¢(Ea;0) # 0. So it suffices to

prove, for each prime ¢ | d, that c,,¢(En;0)/cue(En;0) is bounded below by a positive
constant that does not depend on p.

Now let M’ = t + ¢A. The proof of | , Lemma 6.5.6] shows that the ratio
cu,e(Enr;0)/cue(Ea; 0) is bounded below by a positive constant that does not depend
on u. Since d is squarefree we have M, = M; and therefore c, ¢(Fnr;0) = cue(En;0),
proving the desired result. O

We will apply this local-global principle in the following way.

Corollary 8.5. Let O be a mazimal order in a definite quaternion algebra over Q. Let S
be an infinite set of positive integers coprime to disc(9), and m > 2 a positive integer.
For all 0| m and s € S, let x¢,s € D¢ LD, be an element satisfying nrd(zes) = s. Then
there exists x € O and s € S such that nrd(z) = s and x = x¢,s mod €D, for all £ | m.

Proof. Let m’ be the squarefree product of primes dividing m. For each s € S, there

exists t; € O such that t; = x, s mod £, for all £ | m. Since S is infinite but O/m’'O

is finite, by the pigeonhole principle there exists an infinite subset S’ C S such that the

cosets ts +m'O are equal for all s € S’; pick t € O with t = t; mod m'O for all s € S’.
Now consider any s € S’. If £ | m then

(25) t+m/Dg :ts+mng =ts + 4Oy =Xy + €9y,

which contains an element z, s of norm s. Since x¢ s ¢ 9O, we have ¢ ¢ 9. If £{m then
t +m'O, = Oy, which contains an element of norm s because nrd : O, — Z, is surjective
for maximal orders. So we may apply Theorem 8.4 to conclude that for sufficiently large
s € S', there exists z € t +m'O with nrd(z) = s; for such z we have x = x4, s mod £O; by
Eq. (25). O

Throughout the argument below, if A is a Z-algebra and = € A, and a prime ¢ € Z is
given, we write  for the image of = in A/(A.

Lemma 8.6. Let ¢ be prime and n € Z; . There exists a € Zy> with Ny, jq,(a) =n and
a € Fp \Fy.

Proof. Since the norm map F;, — F; is surjective with fibres of size £ + 1, with at most
two elements of each fibre in F, there exists a € Fj; ~ F; with Nr 5 /5, (@) = n in Fy.
The minimal polynomial of @ then has two distinct roots over Fy2, so we can Hensel lift

to a € Z, with Ny,, /o,(a) = n. O

Lemma 8.7. Let £ be a prime, A¢ a quaternion algebra over Qg, and O, C A; a mazimal
order. Let n € Z¢, and if A¢ is a division algebra suppose further that n € Z). There
ezists x € Oy with nrd(z) = n and disc(z) € Z;.

Proof. If n € Z}, take a as in Lemma 8.6 and z to be the image of a under an embedding
Zy» — O¢. Letting o be the nontrivial automorphism of Q2 /Qe, we have disc(z) =
(a — o(a))?, which is not divisible by £ because @ # ar(\c:) in Fyo.

If n € {Z¢ (in which case we assume A is split), z = (¢ 7") has nrd(z) = n and
disc(z) =1—-4n € Z;. O
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Lemma 8.8. Let £ be a prime, A a quaternion algebra over Qq, and O, C A; a maximal
order. Letn € Zy, and if Ay is a division algebra suppose further thatn € Z; . Let x € O,
and suppose the reduction T € D¢/, s not in Fy. Then there exists y € O¢ \ €D, with
nrd(y) = n such that 1,z,y, zy form a Ze-basis for O.

Proof. It suffices to show that there exists y € O, with nrd(y) = n and with F,[Z,y] =
D¢/€9,. For in this case we necessarily have Z¢[x, y] = O, by Lemma 2.2, and a computa-
tion shows that any element of Z¢[z,y] is contained in Spang, (1,z,y, zy). This condition
also forces § # 0 so y ¢ £D,.

First suppose A, is split and n € Zéx. Let  be the reduction of z in O,/¢0,. If
the minimal polynomial of Z over Fy is irreducible, set y := (8 %) € 9y. If instead the
minimal polynomial of T over F; is reducible, consider the element a from Lemma 8.6
and let y be the image of a under an embedding Z,2 — O, so that § has irreducible
minimal polynomial. In either case, F¢[Z,y] contains both a copy of F,2 and an element
with reducible minimal polynomial that is not in Fy, and hence not in F,2. This implies
that Fe[Z,y] = D¢/€O, because F¢[Z,y] and O¢/¢O, are both vector spaces over Fy2, the
former of dimension greater than 1 and the latter of dimension 2.

Now let ¢ = p with A, a division algebra, so n € Z,. In this case O, has the form

— U pv .
Dp = (U(U) O’(U)) tu,v € ZPQ s

where Z,2 is the ring of integers of the unramified quadratic extension Q,2/Q, and o is
the non-trivial element of Gal(Q,2/Qj,). If the reduction Z is not in the diagonal subring

of O,/pOp, let y = (8 (,(Oa)) for a as in Lemma 8.6. If Z is in the diagonal subring (and

hence F;[Z] ~ F,2 because Z ¢ ), we can apply Lemma 8.6 to get an element b € Z,> with

Nsz /0, () = n+p, and take y = (;’ Uf’b) ) Again [z, y] contains both an embedding of

F,2 and an element that is not in the image of this embedding, so it must equal D,/¢O,.
Finally let A, be split and n € ¢Zy,. The element yo = (j ”Tl) € M>(Z¢) has

nrd(yo) = n and characteristic polynomial 22 4 n; its reduction 7o € Mz (F,) has a unique
1-dimensional eigenspace, the span of the column vector (1,1)*. Since & € Mz(F,) is not
a scalar matrix, there exists a nonzero v € F? which is not an eigenvector for . Let
W € QLo (F,) satisty w(1,1)" = v, let w € GLa(Z¢) be a lift of @, and let y = wyow ™' €
M>(Z¢). Then every eigenvector of ¥ is in the span of v, so T and y have no eigenvectors in
common. Note also that ¥ is a nonzero nilpotent element. By | , Theorem 1], every
proper subalgebra of Ms(F,) is either contained in the image of an embedding of F,2 or
has a common eigenvector. As neither of these are true of F,[Z,y], we can conclude that

Fo[7, 3] = D0/0s. O

Proof of Theorem 8.2. We begin by taking any o € O \ Z with nrd(«) € S. Here is one
way to construct such an «. Fix any prime ¢. Then for any s € S there exists z¢s € Oy
with nrd(ze,s) = s and ¢ t disc(z¢,s) by Lemma 8.7. The discriminant condition forces
Ze,s ¢ £D¢, so we may apply Corollary 8.5 to obtain « € O and s1 € S with nrd(a) = $1
and « = z¢s, mod £9,. Since disc(a) = disc(zy,s,) Z 0 mod ¢Z, we have disc(a) # 0 and
hence a ¢ Z.

Now for all ¢ | disc(a) and s € S, use Lemma 8.7 to pick ye s € Op with nrd(yes) = s
and disc(ye,s) € Z,. Applying Corollary 8.5 again, we obtain 8 € O \NZ and s2 € S
with nrd(8) = s2 and 8 = ye,s, mod €9, for all £ | disc(a). Then disc(8) = disc(ye,s,) Z
0 mod ¢Z, for all £ | disc(c), so disc(3) is coprime to disc(a).

Finally, take A := Spany(1,«, 8,af). Since Z[a] and Z[S] are quadratic orders with
coprime discriminants, A is a finite-index sublattice of O, and we set m := [O : A]. If
m = 1 then we are done, so assume m > 2. Let £ be a prime factor of m and s € S.
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Suppose first that £ 1 disc(a). Then & ¢ Fy, so by Lemma 8.8, there exists z¢ s € O¢ \ €D,
with nrd(z¢,s) = s and such that Spang, (1, @, z¢,s, aze,s) = O¢. If instead £ | disc(a),
then £ t disc(8) by construction of 8, so by Lemma 8.8, there exists z;s € D¢ \ £y
with nrd(ze,s) = s and such that Spang, (1,8, ze,s, B2¢,s) = D¢. Once again we apply
Corollary 8.5 to obtain v € O and s3 € S with nrd(y) = s3, ¥ = 2,5, mod £O; for all
£ | m. Applying Lemma 2.2, we have the following generating sets for Oy,.

e If £fm then O, = SpanZ[(l,a,B,aﬁ).

o If £|m and ¢ {disc(a) then D¢ = Spang, (1, a, v, ay).

o If £| m and ¢ | disc(a) then O, = Spang, (1, 8,7, B7).
Thus the index of Spany (1, «, 8,7, af, ay, 8v) in O cannot be divisible by any prime, and
hence it equals 1. O

Remark 8.9. In Theorem 1.1 we bound the norms of elements in a generating set, but with
only very weak bounds on the number of elements in the generating set (Proposition 8.1).
By contrast, in Theorem 8.2, we bound the number of elements in a generating set, but
have no bound on the norms of the elements. One might ask for a result that balances the
two: is it possible to find a generating set consisting of a very small number of elements,
each of small norm?

The two results are similar in that they both rely on decomposing a theta function into
cuspidal and non-cuspidal contributions, and showing that for suitable n, the coefficient
of ¢" is dominated by the non-cuspidal contribution. To combine the two approaches, we
would need a result analogous to Theorem 6.1, giving an explicit bound on the coefficients
of the cusp form components for cosets of integral ideals within a maximal order, rather
than for suborders. It is as yet unclear whether there is a generalized notion of Brandt
module that can produce these inhomogeneous theta functions.

9. EXPERIMENTAL RESULTS

In this section we make computational observations demonstrating our main theorems
and estimating the tightness of some results. All code and computations were done in
Magma V29.9 [BCP97]. A GitHub repository containing the code used for generating
figures and running examples is available at https://GitHub.com/wmahaney/generating_
sets_for_maximal_quaternion_orders.git.

9.1. Estimating minimal exponent for prime power generation. Theorem 1.1 im-
plies that the endomorphism ring of a supersingular elliptic curve E/F, can be generated
by elements of degree ¢* for relatively small values of k. In this section we test this
explicitly and see if, in practice, the lower bound on allowable k£ can be reduced.

First, if Ey is a uniformly randomly selected supersingular elliptic curve over F, with p
sufficiently large relative to ¢, and k 2 2log,(p), we find that with high probability there
is a finite index suborder of End(Ep) generated as a lattice by some elements of degree
£F with 0 < ko < k. A heuristic argument for this may be given using the bound

d <1+ 2log, (p—\;gl) on the diameter of G(p,¢) [B525, Corollary 32|, a strengthening of a

classical bound due to Pizer [Piz90], together with the expansion properties of G(p, £).

Experimentally, we find something stronger for every example we tested:
Experimental Observation 9.1. Let k = 1+ 2[log, (L\;gl)] For any mazimal order O
in Ap, the elements of norm £F generate © as a Z-algebra.

The interested reader can check the GitHub repository to see certificates from some ran-

dom tests and other output data® and run tests themselves with the functions.*

3https ://github.com/wmahaney/generating_sets_for_maximal_quaternion_orders/blob/main/data

4https ://github.com/wmahaney/generating_sets_for_maximal_quaternion_orders/blob/main/does_generate.magma


https://GitHub.com/wmahaney/generating_sets_for_maximal_quaternion_orders.git
https://GitHub.com/wmahaney/generating_sets_for_maximal_quaternion_orders.git
https://github.com/wmahaney/generating_sets_for_maximal_quaternion_orders/blob/main/data
https://github.com/wmahaney/generating_sets_for_maximal_quaternion_orders/blob/main/does_generate.magma

GENERATING SETS FOR MAXIMAL QUATERNION ORDERS 45

Given fixed p and ¢, we can use Theorem 1.1 to compute k = k(p, £) such that a maximal
order © C A, is guaranteed to be generated as a Z-algebra by the set of all elements in O
of norm £*; the experimental results are consistently lower than this theoretical bound.
For instance, if p ~ ¢*°, then Theorem 1.1 gives a lower bound of k(p,£) ~ 75 while

Experimental Observation 9.1 gives a lower bound of 1 + 2log, (L\;El) ~ 61.

9.2. Estimating |a,x (O) — g, (O)|. Following the proof of Proposition 7.1 one can show
that all maximal and submaximal orders O C A, with p > 5 satisfy

k42
s (0) — g (O)] < 2k 2 |07,

where a. () is the £*-coefficient of the theta series 6o, and g, (O) is the £*-coefficient of
the modular form g defined in Corollary 6.3(a). Recall that g is the “genus contribution,”
which in some sense measures the expected size of a, (O) across all O in its genus. For
p > 5 we have |O*| < 6, so this is a stronger bound than Proposition 7.1.

In this section we compute data to estimate how tight the above bound is by calculating
the ratio

R (O) _ |a£k (024__2 Gek (O)| .
2kL27 |OX|

We will only present plots and discussion in the case £ = 2, as the plots for ¢ = 3 look
similar; the interested reader can refer to the GitHub to see additional figures or generate
their own.

For each prime p € [7,50000] and reduced discriminant N € {p, p?, p*, pr,pr?} (we
use r = 5 here) corresponding to a maximal/submaximal order classification we do the
following for each k € [1,15]:

(1) Randomly sample five orders O; of the given classification and compute the ratios
Kok (05).

(2) Compute the average Cor (N) of Zor (01), ..., Bor(Os).

(3) Plot (k,p, Cor(N)).

To randomize the order chosen in each trial we generated a quaternion order in Magma
and then took a simple random walk of length [log,(p)] from the generated order. We
ran five trials for each p and discriminant classification, using kmin = 1, kmax = 15, and a
value of r = 5 when necessary. The full plots are presented below.

Observationally, the ratio %Z,r (O) never exceeded 0.35 on average, and tends to zero
if p is fixed and k tends to infinity (and 7 = 5 when N is not a power of p), indicating
that there may be a stronger bound than Proposition 7.1.
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FIGURE 1. Ratio of |ap(O) — g (O)| to 2k¢= |O*| for £ = 2 and
k=1,...,15. Primes p range over [7,50000]. From top-to-bottom
and left-to-right the order classification is maximal, submaximal
of index p, submaximal of index p?, submaximal of index r, and
submaximal of index 7?2
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