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INTRODUCTION

In the first part of these notes (‘Number rings’, abbreviated as NR), we proved the basic
theorems on the arithmetic of algebraic number fields. The first part of the theory, deal-
ing with ideal factorization in number rings, was completely algebraic, and used only ring
theoretic arguments. The second part made specific use of the fact that number rings allow
embeddings in FEuclidean spaces, and the resulting theorems on the finiteness of the class
group and the structure of the unit group of the ring of integers are particular for number
rings. Although the terminology from commutative algebra we employed is of a more recent
nature, the results we have proved so far are mostly classical, going back to 19-th century
mathematicians as Kummer, Dirichlet, Kronecker and Dedekind.

The theory to be developed in this second half of the notes concerns some important
extensions of the theory that were obtained during the period 1895-1950. We start with
the valuation theory introduced by Hensel in the early 20-th century, which yields a more
‘topological’ or ‘analytic’ approach to the theory of ideal factorization. This leads in a natural
way to the notion of a complete field, and for number fields the process of completion gives
rise to local fields like the field R of real numbers and the fields Q, of p-adic numbers. As
was shown by Hasse, it is often fruitful to develop the global theory from the local case,
since local fields are in many ways ‘easier’ than number fields, somewhat in the same way as
localized number rings tend to be ‘easier’ than general number rings. The interplay between
local and global fields finds its ultimate form in Chevalley’s definition of adeles and ideles —
which are in the process of losing their French accents.

The power and esthetic impact of these more modern concepts is particularly visible
in the class field theory, which allows a classical ideal theoretic and a more recent idelic
formulation. Although it has its roots in the 19th century work of Kronecker, Weber and
Hilbert, it is a 20th century theory that was developed by Takagi, Artin, Hasse and Chevalley
during the period 1915-1945, and was reformulated once more in cohomological terms, in
the second half of the twentieth century. We plan to apply class field theory to very classical
problems such as the representation of integers by binary quadratic forms and the derivation
of higher (than quadratic) reciprocity laws.






1 VALUED FIELDS

Valuation theory provides an approach to the arithmetic of number fields by methods remi-
niscent of those in complex function theory, which describe functions by locally convergent
Laurent series expansions. More precisely, one considers the field M of meromorphic func-
tions on C obtained as the field of fractions of the ring O of holomorphic functions on C,
and writes f € M in the neighborhood of a point a@ € C as a convergent series

[e.9]

(1.1) f2)=> alz—a)

i>—00

with complex coefficients a; that are zero for almost all © < 0. The ‘local variable’ z — « is not
unique in the sense that we can write f as a Laurent series in any variable w € M that has a
simple zero at «. If f is not identically zero, the lowest index ¢ with a; # 0 does not depend
on the choice of the local variable and is known as the order ord,(f) of f at a. A function
f € M* is determined up to multiplication by a function without zeroes and poles by the
values ord, (f) for a € C. These functions are precisely the units in @. One often encounters
subfields of M instead of M, such as the rational function field C(X) C M consisting of
those f € M that allow a meromorphic extension to the Riemann sphere P!(C). Finite
extensions of C(X) inside M arise as function fields associated to algebraic curves.

Exercise 1. Show that C(X) C M satisfies C(X) N O = C[X] and C(X) N O* = C*.

In the early 20th century, the German mathematician Hensel observed that every non-zero
element z of a number field K can be viewed in a similar way as a function on the set of
primes of the ring of integers Ok of K, having an order ord,(x) € Z at each prime p. The
subring of ‘holomorphic elements’ x € K that have ord,(x) > 0 for all p is the ring of integers
Ok, and an element x € K* is determined by the values ord,(x) up to multiplication by an
element in Oy. If m € K is an element of order 1 at p, we can try to write x ‘locally at p’ as

a convergent Laurent series

o0

(1.2) r = Z a;m"

i>—o00
reminiscent of (1.1). It is not immediately clear which coefficients a; € K should occur in
such series, and for (1.2) to be meaningful we need a notion of convergence in K that will
be provided by the p-adic valuation on K.
The resulting p-adic expansions are in many ways similar to the well-known decimal
expansions of real numbers x as Laurent series

T = i a; - 107°

i>>—00
‘in 1/10” with digits a; € {0,1,2,...,9}, and they yield embeddings of K in its completions
K, at p that are much like the embedding of Q in R. The concept of valuations that we are
to introduce will actually put both kinds of embeddings on equal footing.



§1: Valued fields

» VALUATIONS

Valuations are absolute values on arbitrary fields K that define a metric topology on K.

1.3. Definition. A valuation on a field K is a function ¢: K — R satisfying
(1) ¢(x) =0 if and only if x = 0;
(2) dlay) = d(x)6(y) for 2,y € K;
(3) there exists C' € Rq such that ¢(x +y) < Cmax{¢(z),p(y)} for all z,y € K.

Conditions (1) and (2) describe ¢ as the unique extension of a homomorphism K* — R
to a map on all of K, obtained by putting ¢(0) = 0. The subgroup ¢[K*|] C R is the value
group of ¢. Condition (3) expresses its ‘continuity’ with respect to addition. The smallest
possible constant C' in (3) is the norm ||¢|| of ¢. If ¢ is a valuation and r a positive real
number, the r-th power ¢": z — ¢(x)" of ¢ is a valuation of norm ||¢"|| = ||¢||".

The norm of a valuation ¢ cannot be smaller than 1, and by (2) it equals

(1.4) |9l = sup o(1+x).

@ ¢(x)<1

This supremum is actually a maximum and, as we will see, either equal to ¢(1) = 1 or to
#(2) (exercise 12).

1.5. Examples. A first example of a valuation that comes to mind is the ordinary absolute
value on C, or on a subfield of C such as Q or R. It has norm equal to 2.
For a point a € C, we have the valuation ¢,: M — R defined for f # 0 by

(1.6) ba(f) = odalf) for some fixed ¢ € (0,1).

On the polynomial ring C[X| C M, the function ord,(f) counts the number of factors X —«
occurring in the factorization of f into irreducibles, which is unique up to multiplication by
units in C[X|* = C*.

More generally, for an irreducible polynomial P in the polynomial ring F'[X] over an
arbitrary field F', we have the number ordp(f) € Zs( of factors P occurring in the factor-
ization of a non-zero polynomial f € F[X], which is again unique up to multiplication by
units, as F'[X] is a unique factorization domain. It leads to a valuation

(1.7) dp(z) = 4r@ for some fixed ¢ € (0, 1)

on the field of fractions F'(X) of F, the rational function field over F.
For a prime p of a number field K, we have the valuation ¢, : K — R defined by

(1.8) dp(2) = (@) for some fixed ¢ € (0,1).

We symbolically define ord(0) = 400 in the three definitions above, and with this convention
they also make sense for f = 0 and z = 0, with ¢™*° =0 for ¢ € (0, 1). The precise value of
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¢ in (1.6), (1.7) and (1.8) is not very relevant, and can be thought of as a normalization of
®a, ¢p and ¢,. From the obvious identities

ord,(f1 + f2) > min{ord,(f1), orda(f2)}
ordp(z1 4+ x2) > min{ordp(zy), ordp(xs)}
ordp(:cl + :Cg) > min{Ofdp(flfl)a Ordp(@)}

we deduce that the norms of ¢,, ¢p and ¢, equal 1. O

A valuation ¢ of norm 1 satisfies the ultrametric inequality

(1.9) ¢ (; xz> < max o)

and is called non-archimedean. For such ¢, a sum of small elements is never large, and the
Archimedean postulate, which states that a ‘small but non-zero’ quantity becomes arbitrarily
large when repeatedly added to itself, does not hold. When quantities of unequal size are

added under a non-archimedean valuation, the ultrametric inequality becomes an equality:

(1.10) o(21) # d(x2) = ¢(z1 + 72) = max{¢(z1), P(22)}-

To see this, one supposes ¢(x1) > ¢(x2) and concludes from the inequalities

¢(x1) = ¢(21 + T2 — 22) < Max{g(x1 + 12), ¢(—72)} < max{d(z1), d(z2)} = d(z1)

that ¢(z1 + z2) equals max{¢(x; + x2), ¢(—x2)} = ¢(x1). The value ¢(—1) = 1 used here
is immediate from the fact that its square equals ¢(1) = 1. The ultrametric inequality is

stronger than the more familiar triangle inequality

(1.11) ) (Zn: L) < Zn:gb(q:i),

and this has amusing consequences for the geometry of the underlying space (exercise 4).
A trivial example of a non-archimedean valuation that exists on any field K is the trivial
valuation on K, obtained by extending the trivial homomorphism ¢: K* — {1}.

Exercise 2. Show that every valuation on a finite field is trivial.

Valuations of norm larger than 1 are called archimedean. Characteristic examples are the
valuations ¢,: K — Rs( obtained from embeddings o: K — C as

(1.12) G0 () = |o()].

Valuations of this form have norm 2 and satisfy the triangle inequality.
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» VALUATION TOPOLOGY

Although valuations are not required to satisfy the triangle inequality (1.11), they do so
when raised to a suitable power. This is a consequence of the following proposition.

1.13. Proposition. A valuation on a field K satisfies the triangle inequality if and only if
its norm does not exceed 2.

Proof. It is clear that a valuation satisfying the triangle inequality has norm at most 2.
Conversely, if ¢ has norm at most 2, we can repeatedly apply condition (3) in definition 1.3
to obtain ¢(3 7, ;) < 2™ max; ¢(z;). Taking some of the z; in this inequality equal to 0, we
see that a sum of n terms can be bounded by ¢(>"" | x;) < 2nmax; ¢(z;). In particular, we
have ¢(n - 1) < 2n for n € Z>;. We now use the multiplicativity of ¢ to obtain the estimate
n
ot -+ = o3 (7)ot < 260+ Dt (7 )y )

1=0
n

<+ 03 (7)ot = a(n + 1(0(a) + 600"

=0

The resulting inequality ¢(z + y) < /4(n+ 1)(é(z) + ¢(y)) is valid for all z,y € K and
implies the triangle inequality if we let n tend to infinity. m

An argument similar to that given in the preceding proof shows that it is possible to decide

whether a valuation is archimedean by looking at its values on multiples of 1.

1.14. Proposition. A valuation on a field K is non-archimedean if and only if it is bounded
on the subring Z ={n-1: n€eZ} C K.

Proof. It is clear from the ultrametric inequality (1.9) that we have ¢(£n - 1) < ¢(1) =1
if ¢ is non-archimedean, showing that ¢ is bounded on Z by 1.

For the converse, assume that ¢ is bounded by M on Z and—after replacing ¢ by a
suitable power if necessary—that it satisfies the triangle inequality. Taking n-th roots of
both sides of the estimate

Pl +y)" = o3, (a'y" ™) < (n+ 1)M max{¢(z), o(y)}"
and letting n tend to infinity, we see that ¢ is non-archimedean. O]
1.15. Corollary. A valuation on a field of positive characteristic is non-archimedean.
Proof. In this case the subring Z is the finite field F,,. O

If ¢ is bounded on Z, then it is bounded by 1. This also follows from the fact that ¢[Z] is
closed under multiplication. For ¢ unbounded on Z, we will prove in Theorem 1.18 that ¢ is
a power of the ordinary absolute value on Z = Z C K, so ¢(1 + 1) already tells us whether
¢ is archimedean, and more (exercise 12).

10



§1: Valued fields

Let ¢ be a valuation on a field K. Then there is a natural valuation topology 7, on K
in which a basis of open neighborhoods of a point z € K is given by the open balls

Ue(e) ={y e K: ¢(z —y) <e} (e €Rx)

of radius € around z. As all powers of ¢ induce the same topology, the topology 7, is
metrizable by Proposition 1.13.

Exercise 3. Show that 7, is the discrete topology on K if and only if ¢ is trivial.

Just as for the ordinary absolute value on R or C, one shows for the valuation topology that
the addition map (z,y) — x+y and the multiplication map (x, y) +— xy are continuous maps
from K x K to K, and that the inversion map x + 27! is continuous on K*. These continuity
properties can be summarized by stating that the valuation topology 7, on K makes K into
a topological field. By the ultrametric property (1.9), a non-archimedean topological field K
is topologically rather different from archimedean topological fields such as R and C. For
instance, given points x,y, z € K for which x —y and y — z have different valuation, the sum
r—z = (r —y)+ (y — 2) has the same valuation as either x — y or y — z by (1.10): every
triangle in K is isosceles. In the same vein, it follows from the fact that every two points z, y

in an open ball U, (z() have distance

¢ —y) = o(x — w0 + 20 — y) < max{g(xr — ), d(xo —y)} < ¢

that every point in the open ball is a center: U.(x¢) = U.(x) = U.(y).

Exercise 4. Show that if two open balls in K are not disjoint, then one is contained in the other.

> INDEPENDENCE OF VALUATIONS

Two valuations ¢ and ¢ on a field K are said to be equivalent if they induce the same
topology on K. Equivalence can easily be decided using the following proposition.

1.16. Proposition. Let ¢ and ¢ be two non-trivial valuations on a field K. Then the
following conditions are equivalent.

(1) ¢ =" for some constant r > 0;

(2) ¢ and ¢ are equivalent;

(3) T4 D Ty: the topology Ty is stronger than Ty;

(4) ¢(x) < 1 implies 1(x) < 1 for all x € K.

Proof. The implications (1) = (2) and (2) = (3) are clear. As the inequality ¢(z) < 1

amounts to saying that the sequence {z"}, converges to 0 in Ty, we also have (3) = (4).
In order to prove (4) = (1), we pick an element y € K with 0 < ¢(y) < 1. Such an

element exists because ¢ is non-trivial. We claim that we actually have an equivalence

o(r) <1<=(zx) <1.

11
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Indeed, take x € K with v (z) < 1. If we had ¢(x) > 1 then ™! would violate (4), and if we
had ¢(z) = 1 then yx~™ would violate (4) for large n. Thus ¢(x) < 1, as desired.

For x € K* arbitrary, define o, 3 € R by ¢(z) = ¢(y)® and ¢(z) = ¥ (y)?. For a,b € Z
with b > 0, we then have

a> 4= oy)* =ox) <d(y)"" = da’y ") < 1= Y(aly ) < 1= 5> ¢

This implies o = 3, so r = log ¢(z)/log ¥ (z) = log ¢(a)/log(a) does not depend on z, and
we have ¢ = 9" as in (1). O

If  and 1 are non-trivial valuations on K that are not equivalent, the proof of 1.16 shows
that we can find a € K satisfying ¢(a) < 1 and ¥ (a) > 1, and also b € K satisfying ¢(b) > 1
and 1(b) < 1. The element = a/b then satisfies ¢(z) < 1 and ¢(x) > 1, and this means

that for n — oo the sequence {x,},>1 of elements

x?‘L

- 1+am

T

converges to 0 in 7Ty, but to 1 in T3. This unrelated behavior under ¢ and v leads to an
independence of non-equivalent valuations that can be phrased in the following way for a

finite number of valuations.

1.17. Approximation theorem. Let ¢, ¢o, ..., d,, be m non-trivial valuations on K, and
suppose that no two of them are equivalent. Write K; for the field K equipped with the
topology Ty,, and A = K - (1,1,...,1) for the image of K under the diagonal embedding
K — [, K;. Then A is dense in [[}*, K;.

Proof. We may and will assume m > 2, the case m = 1 being trivial.

By the continuity of the field operations in the valuation topologies Tj,, the closure A
of A is a K-vector subspace of the m-dimensional K-vector space [[", K;. For m = 2, we
observed just before the theorem that A that contains the basis vectors (0,1) and (1,0) as
limits of elements /(1 + z") - (1,1) € A. This implies A = K| x K», as desired.

In order to prove the general case by induction, we assume that the theorem holds for
m—1 > 2 valuations. This implies that we can find a € K satisfying ¢1(a) > 1 and ¢;(a) < 1
for 2 <i<m —1, and also b € K satisfying ¢;(b) > 1 and ¢,,(b) < 1.

If we have ¢,,(a) < 1, then x = a"b with n sufficiently large will be an element for which
z"/(14+2™)-(1,1,...,1) converges to the basis vector (1,0, ...,0). If we have ¢,,,(a) > 1, then
x = a"b/(1 + a") with n sufficiently large has this property. Thus A contains (1,0,...,0),
and therefore all basis vectors, yielding A =[], K. O

In less formal terms, the approximation theorem states that given ¢; as above and any choice
of elements a; € K for 1 <1 < n, there exists € K such that x is arbitrarily close to a; in
the topology 7y, for all .

12



§1: Valued fields

» PRIME DIVISORS

An equivalence class of non-trivial valuations on K is known as a place or prime divisor of K,
often shortened to prime of K. By Proposition 1.16, the prime divisor corresponding to a non-
trivial valuation ¢ is the equivalence class {¢" : r > 0}. Depending on the type of valuations
it contains, a prime divisor is said to be archimedean or non-archimedean. Archimedean
prime divisors are also known as infinite primes, as opposed to the finite primes denoting
the non-archimedean prime divisors.

The terminology ‘prime’ to denote an equivalence class of valuations stems from the
fact that, at least in the non-archimedean case, they are closely related to the prime ideals
in subrings of K. The most classical case is the classification of the prime divisors of the
rational number field Q, due to Ostrowski.

1.18. Theorem. A non-trivial valuation on Q is either equivalent to the p-adic valuation
op: Q — R given by
pr(l’) =p ordp(x)

for a prime number p, or to the ordinary absolute value on Q given by

Poo(@) = |7|.

Proof. Let ¢ be a non-archimedean valuation on Q. Then ¢ is bounded by 1 on Z, and
p={xe€Z: ¢(x) <1} is a prime ideal of Z. It is non-zero as ¢ is non-trivial, so we have
p = pZ for some prime number p. We have ¢(x) = 1 for x € Z \ pZ, so ¢(u) = 1 for all
fractions v = § € Q with p { ab. Writing arbitrary » € Q* as x = up™ with u as above and
m = ord,(z) € Z, we find ¢(z) = %@ with ¢ = ¢(p) € (0,1), so ¢ is equivalent to @,.

Suppose now that ¢ is an archimedean valuation on Q. We may assume that it satisfies
the triangle inequality, implying ¢(m) < |m| for m € Z. Given two integers m,n > 1, we
can write all powers of m in base n as m' = Y7 amn’ with a; € {0,1,...,n — 1} and
as # 0. As the number s of digits of m' in base n satisfies |s — log(m')/logn| < 1, we have
s/t —logm/logn| < §. The triangle inequality implies ¢(m)’ < (s 4+ 1)nmax{1,d(n)*}, so
if we take t-th roots and let ¢ tend to infinity we obtain the estimate

d(m) < max{1, ¢(n)}osm/ g

This shows that we must have ¢(n) > 1, since otherwise ¢ would be bounded on Z and
therefore non-archimedean. The resulting inequality ¢(m)'/1°8™ < ¢(n)'/18™ is in fact an
equality, as we can interchange the roles of m and n. Thus a = ¢(n)/!°¢™ > 1 does not
depend on the value of n > 1, and we have ¢(n) = |n|'°¢¢ for all n € Z. This implies
P(x) = |x['°8? for all z € Q, showing ¢ to be equivalent to the ordinary absolute value ¢,
on Q. O]

The normalization of the p-adic valuation ¢, in Theorem 1.18 is standard, and chosen in

such a way that we have the product formula

(1.19) [[é@) =1 for zeqQ"

p<oo

13
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Here the product is taken over all prime divisors of Q, including the unique infinite prime. It
shows that the approximation theorem 1.17 does not necessarily hold for an infinite collection
of non-equivalent valuations.

Exercise 5. Show that Chinese remainder theorem for Z can be obtained as a special case of the approxi-
mation theorem.

The argument used to classify the non-archimedean primes of Q can be used in more general
situations. For any non-archimedean valuation ¢ on a field K, the ultrametric property of ¢
implies that

A={zx e K: ¢(z) <1}

is a subring of K, the valuation ring of ¢. Every x € K* satisfies x € A or 27! € A. In
particular, A has field of fractions K. The valuation ring A is a local ring with unit group
A* ={zr € K: ¢(x) = 1} and maximal ideal m = {z € K : ¢(z) < 1}. The quotient
k = A/m is known as the residue class field of ¢.

Exercise 6. Which possibilities are there for the pair (char (K), char (k)) of field characteristics?
Just as for K = Q, the finite primes of a number field ‘are’ the primes of its ring of integers.

1.20. Theorem. Every non-trivial non-archimedean valuation on a number field K is of

the form
Pp() = @) with ¢ € (0,1)

for some non-zero prime ideal p of the ring of integers Ok of K. In this way, the finite primes
of K correspond bijectively to the non-zero prime ideals p C Ok.

Proof. Write A C K for the valuation ring of ¢, and m for its maximal ideal. We have
Ok C A as x € Ok satisfies an equation " = Z?:_ol a;x" of degree n > 1 with coefficients
a; € Z C A, and the inequalities

p(z") < ex Pa;x’) < ex o(x)

imply ¢(z) < 1. Just as in the case K = Q, we obtain a prime ideal p = mN Ok in Ok that
is non-zero for non-trivial ¢, and we have ¢(z) =1 for x € Ok \ p. The localization

Omz{%: anK,beOK\p}

of Ok at p defined in [NR, §2] is a discrete valuation ring, and if we pick 7 € Ok with
ord,(m) = 1, then any x € K* can be written as x = un™ with u € Ok - and m = ord,(z).
We find ¢,(z) = %@ with ¢ = ¢(7) € (0,1).

As ¢, and ¢, are clearly inequivalent for p # p’, this shows that the finite primes of K
correspond bijectively to the non-zero prime ideals p C O. O

The proof of Theorem 1.20 shows that Ok, is the valuation ring of ¢,. It is the largest
subring A O Ok of K to which the reduction map O — Og/p can be extended. The
residue class field of the valuation ¢, is the residue class field k, = Ok /p of the prime p.

14
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For the rational function field F/(X) over a field F' occurring in (1.7), the argument used
in proving 1.20 yields the following.

1.21. Theorem. Let ¢ be a non-trivial valuation on F(X) that is trivial on F. Then ¢ is
either a P-adic valuation ¢p given on K* by

pp(x) = rir@ with ¢ € (0,1)

for some monic irreducible polynomial P € F[X], or, with deg : K* — Z the homomorphism
extending the degree map on F[X]\ {0}, the degree valuation ¢, given by

hoo () = ¢~ 8@ with ¢ € (0,1).

Proof. As ¢ is trivial on F, it is non-archimedean by Proposition 1.14. Suppose first that
we have ¢(X) < 1. Then F[X] is a subring of the valuation ring of ¢, and p = F[X]|Nm
is a prime ideal of F[X] that is non-zero as ¢ is non-trivial. We have p = (P) for some
non-constant monic irreducible polynomial P € F'[X], and as before, the localization

FIX](p) = {% L abe F[X],be}

of F[X] at p is a discrete valuation ring with uniformizer P. Writing x € F/(X)* as v = uP™
with w € Ry and m = ordp(x) € Z, we find ¢(z) = ¢(P)* and ¢ = ¢p with constant
c=¢(P) e (0,1).

Suppose now that we have ¢(X) > 1. Then we have ¢(X ') < 1, and the previous
argument can be repeated with the ring F[X '] in the role of F[X]. This time the prime
ideal p C F[X~!] contains X!, so we have p = X ' F[X~!]. To finish the proof we note the
equality ordyx-1(z) = — deg(x), which yields ¢ = ¢, with constant ¢ = ¢(X1). O

Exercise 7. What is the residue class field of the valuations ¢p and ¢, in Theorem 1.217

If F' is finite, then all valuations of F'(X) are trivial on F', and Theorem 1.21 classifies the
valuations on F'(X).

> DISCRETE VALUATION RINGS

One cannot fail to notice the analogy between Theorems 1.18, 1.20 and 1.21. It reflects the
similarity of the unique factorization domains Z and F[X] and shows that, just as for the
Dedekind domain O, their non-zero prime ideals induce non-archimedean valuations on the
field of fractions. In all cases, the localization at these primes is a discrete valuation ring: a
principal ideal domain R with field of fractions K # R that is local. With 7 € R a generator
of the maximal ideal m C R, often called a uniformizer or local parameter, every x € K* has
a unique representation x = un™ with v € R* and m = ord(z) € Z.

A discrete valuation ring R C K defines a prime divisor on K by the valuations that
are given on K* by ¢(z) = 4@ for some ¢ € (0,1). The terminology is consistent: the
valuation ring of ¢ is equal to R, and the valuation ¢ is discrete in the sense that the value

group ¢|K*] is a discrete subgroup of R~ generated by ¢ = ¢(m).

15
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1.22. Proposition. Let ¢ be a non-trivial non-archimedean valuation on a field K and A

its valuation ring. Then ¢ is discrete if and only if A is a discrete valuation ring.

Proof. Suppose ¢[K*] # {1} is discrete in R+(. Then ¢[K™*] is infinite cyclic (exercise 10),
and we can find 7 € A such that ¢[K*] is generated by ¢(m) < 1. For x € K* we have
() = ¢(m)™ for a unique m € Z, so we can write z = un™ for some u € A*. It follows that
A is a discrete valuation ring with maximal ideal wA.

Conversely, if A is a discrete valuation ring with uniformizer 7, we can represent x € K*
as x = ur™ with v € A* and m € Z. Units in A have valuation 1, so ¢(z) = ¢(7)™ and
¢[K*] is the discrete subgroup of R~ generated by ¢(m). O]

An archimedean valuation ¢ on a field K is never discrete. For such ¢ it follows from Corollary
1.15 that we have Q C K, from Proposition 1.14 that ¢ is non-trivial on Q, and from
Theorem 1.18 that ¢[K™*] contains the dense subgroup ¢[Q*] C Rs.

For a discrete valuation ring A C K, the associated function v: K — Z U {oo} sending
r € K*toord(z) € Zand 0 € K to oo is the (normalized) exponential valuation of the prime
divisor defined by A. The map v is a formal extension to K of a homomorphism K* — Z

that fits in a natural exact sequence

0— A" — K* 5 Z 0.
Every choice of 7 leads to a splitting of this exact sequence, and an isomorphism
(1.23) K* = (m) x A".

A fundamental system of neighborhoods of 0 € K in the valuation topology 7, is given by the
integral powers 7™ A of the maximal ideal of K. Note that these are additive subgroups of K.
Analogously, the subgroups 1+7™A C A* C K* form a fundamental system of neighborhoods
of 1 inside A*, when m ranges over the positive integers. These neighborhoods are both
open and closed, and the topological groups K and K* are therefore totally disconnected.
This shows that the valuation topology of K is different from what we are used to for the
archimedean fields R and C.

1.24. Example. Let F be a field, and A = F[[X]] be the ring of formal power series
T = Z;’io a; X with coefficients a; € F'. We have z € A* if and only if the constant coefficient
ag of x is non-zero, so A is a discrete valuation ring with maximal ideal m = (X) and residue
class field F. The field of fractions K = F((X)) of A is the field of formal Laurent series
over F. The natural embedding F[X]| C F[[X]] of the polynomial ring F[X] in A extends to
an embedding F'(X) — F((X)) = K of their fields of fractions.

ord(#) on K corresponding to A is an extension to K of the

The valuation ¢x : © +— ¢
valuation ¢x on F(X) defined in Theorem 1.21. Under the valuation topology on K, every
formal power series is the limit of a sequence of polynomials, so F/(X) is a dense subfield of
K. Note that the value groups of ¢(X) on F(X) and K are equal, and that the residue class

field of ¢x is in both cases equal to F'.
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> FINITE AND INFINITE PRIMES

The terminology of ‘places’ for the prime divisors of a field K comes from the geometric
notion of points on curves. Theorem 1.21 describes the ‘geometric’ places of the rational
function field F'(X), i.e., those places corresponding to valuations that are trivial on F.

If F is algebraically closed, the monic irreducibles in F[X] are of the form P = X — «
with o € F, and the primes ¢p = ¢, correspond directly to the ‘points’ of F' as in (1.6).
If F'is not algebraically closed, ‘points’ may only be defined over extension fields, and an
irreducible polynomial P accounts for n = deg(P) points defined over an extension field of
degree P. The valuation ¢, does not correspond to an irreducible polynomial in F'[X], but
one can view —deg(z) as the order of the zero of x at a ‘point at infinity’ co = 1/0. In
geometric terms, K = F(X) is the function field of the projective line P*(F), and primes
of K are the points of P!(F). This point of view is fundamental in the theory of algebraic
curves, as it neatly generalizes to arbitrary projective curves. Here the points arise as the
places of the function field of the curve.

It is a standard fact from algebraic geometry that the most elegant and uniform re-
sults are usually obtained for projective curves, which provide a ‘compactification’ of the
more familiar affine curves by the addition of finitely many ‘points at infinity’. In terms of
valuations, it comes down to considering all places of the function field.

For projective curves, the notion of being a point ‘at infinity’ is not canonical, and the
degree valuation ¢, in Theorem 1.21, which corresponds to the discrete valuation ring
F[X 1) (x-1), is in no intrinsic way different from the valuation ¢x with valuation ring
F[X](x): it also corresponds to a finite prime of F(X).

Number fields are different from function fields in the sense that they have ‘intrinsically’
infinite primes, i.e., non-archimedean primes. There are only finitely many of these infinite
primes, and we will see in Corollary 2.5 that they come from embeddings of the number field
K in C as in (1.12).

Despite the difference between finite and infinite primes that exists for number fields,
there are good reasons to consider all primes of a number field, not just the finite ones.
For many product formulas in number theory, of which (1.19) provides an easy example, it
is necessary to include the infinite primes. Projective curves tend to have better properties
than ‘non-complete’ affine curves, and the Arakelov approach to number fields is that inifinite
primes have to be included in their treatment in order to fully exploit the existing analogies
between number fields and function fields. We will get back to this in section *, which deals
with the relation between ‘global” and ‘local’ fields.
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EXERCISES.

8.

10.

11.

12.

13.
14.

15.

16.

17.

18

Let L/ K be an algebraic extension and 1 a valuation on L. Show that 1) is trivial if and only

if its restriction ¢ = ¥|x to K is trivial.
An ezponential valuation on a field K is a map v: K — R U {oo} satisfying
(1) v(x) = oo if and only if x = 0;
(2) v(zy) =v(z)+v(y) for all x,y € K*;
(3) v(z+y) > min{v(z),v(y)} for all z,y € K*.
Show that exponential valuations correspond bijectively to non-archimedean valuations on K.
What does it mean for exponential valuations to be ‘non-trivial’, ‘discrete’ or ‘equivalent’?

Let ¢ be a valuation on a field K. Show that the value group ¢[K*| is either a discrete or a

dense subgroup of R+, and that it is cyclic if and only if it is discrete.

Do there exist a field K and a non-trivial valuation ¢ on K for which we can strengthen the

implication (1.10) to an equivalence

¢(z +y) = max{o(x), p(y)} <= o(x) # d(y)

valid for all z,y € K*?

Show that the norm of a valuation ¢ on a field K is equal to ¢(1) = 1 if ¢ is non-archimedean,
and to ¢(2) if ¢ is archimedean.

Show that there is a unique valuation on C that extends the ordinary absolute value on R.

Let K be a field and 0,7 : K — C two embeddings of K in the field of complex numbers.
Show that the induced archimedean valuations ¢, and ¢, on K are equivalent if and only if

we have c =7 or o =T7.

Let A be an integral domain with field of fractions K, and ¢ : A — R>( a map satisfying the
conditions in definition 1.3 for x,y € A. Show that ¢ extends uniquely to a valuation on K.

Let k be a field and H a subgroup of Rs(. Recall that the group ring k[H| consists of
finite formal sums ), - cp[h] with ¢, € k, with addition and multiplication being derived
from addition and multiplication in & and the relations [h1][ha] = [h1he] for hy,hy € H. For

non-zero = € k[H] we set
¢(>  cnlh]) = max{h € H : c, # 0}.
heH

Show that k[H] is a domain, and that ¢ induces a non-archimedean valuation on the field of
fractions K of k[H| with value group ¢[K*] = H and residue class field k.

Let ¢ be a non-trivial discrete valuation, A its valuation ring, and k = A/m its residue class
field. Write Uy, = 1 +m* for k € Z~g.

a. Show that m” /mkJrl is a 1-dimensional vector space over kpy;
b. Show that the map x — x — 1 induces a group isomorphism Uy /Uyy1 — mF /mkﬂ.



18.

19.

20.

§1: Valued fields
Let ¢ be a non-archimedean valuation on K. For ¢ € R+, define ¥.: K[X] — R~ by
Ye(D2; a: X") = max; ¢(a;)c’.

a. Show that 1. gives rise to a valuation on the field of fractions K (X) of K[X] that
extends ¢.

b. Show that 1., and 1., are not equivalent for ¢ non-trivial and ¢; # cs.

c¢. Which prime divisors are obtained when ¢ is trivial on K?

(Gauss’s lemma.) Let A be the valuation ring of a non-archimedean valuation on a field K.
Prove that if the product of two monic polynomials f,g € K[X] is in A[X], then f and g are
in A[X]. How does the classical Gauss lemma (with A = Z and K = Q) follow from this?
[Hint: you can use the valuation v from the preceding exercise.]

Let F' be a finite field, and K = F(X) the rational functional field over F. Show that every
x € K* satisfies a ‘sum formula’
Z v(z) =0

v
analogous to the product formula for K = Q, when v ranges over all suitably normalized
exponential valuations on K. (Informally: a rational function has ‘as many’ zeroes as it has

poles if we take the ‘point at infinity’ into account.)
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2 (COMPLETE FIELDS

In calculus, one learns that the ‘right’ setting to study continuous functions Q — Q on the
rational number field is not Q itself: a satisfactory theory is obtained after a ‘completion
process’ to pass from Q to the field of real numbers R, or the algebraic closure C of R.. In the
same way, functions on a valued field K are studied most conveniently over the completion
of K with respect to the valuation, or an algebraic extension of this completion.

» COMPLETIONS

A valued field K is said to be complete if every Cauchy sequence in K has a limit in K.
Given any field K with valuation ¢, we can construct its completion with respect to ¢ by
imitating Cantor’s construction of R from Q, while using the existence of the complete field
R containing the values of ¢.

2.1. Theorem. Let ¢ be a valuation on K. Then there exists a field extension K C Ky and
an extension of ¢ to a valuation on Ky such that K, is a complete valued field containing
K as a dense subfield.

For every extension field F' of K that is complete with respect to a valuation extending
¢, there exists a unique continuous K-homomorphism Ky — F.

Proof. Let R be the K-algebra of Cauchy sequences in K with componentwise addition
and multiplication, and extend ¢ to SR by putting

o((a:)iZ,) = lim ¢(a;) € R.
Note that this limit exists, as ¢(a;) is a Cauchy-sequence in R.

The ideal m = {a € R : ¢(a) = 0} of null-sequences is maximal in R as a = (q;);°, ¢ m
implies a; # 0 for ¢ sufficiently large, making @ invertible in 23/m. We take K, = 93/m. The
composition K — R — K yields a field inclusion K C Ky = 9/m, and ¢ induces a map
K4 — R that is easily checked to be a valuation extending ¢. The subfield K is dense in
K, as the element (a;)2; mod m € K, is the limit of the sequence (a;):2; in K. Moreover,
K, is complete as we can choose, for any given Cauchy sequence (z;)2; in Ky, a sequence
of elements a; € K C K, such that ¢(x; — a;) < 1/i holds. Then z = (a;)2, is a Cauchy
sequence in K, and x mod m € K, is the limit of (x;)5°,.

If F D K is complete with respect to a valuation extending ¢, the map R — F' sending
(a;)2, to lim; o a; € F gives rise to a topological embedding Ky, = R/m — F. As K
is dense in Ky, there can be at most one continuous K-homomorphism K, — F', so this
embedding is unique. O]

2.2. Example. For the valuation ¢ = ¢x on K = F(X) in example 1.24, the completion
K, is the field F((X)) of Laurent series, on which ¢x(f) = ¢>4x/) is the obvious extension
valaution from F'(X) to F((X)). O
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§2: Complete fields

> COMPLETE ARCHIMEDEAN FIELDS

The last statement in Theorem 2.1 implies that the completion K, is uniquely determined
up to a unique topological K-isomorphism. It also implies that a complete archimedean field,
which contains the prime field Q on which the valuation is non-trivial by Proposition 1.14
and equal to a power of the ordinary absolute value by Theorem 1.18, contains the field of
real numbers R as a topological subfield. The following lemma allows us to focus on complete
archimedean fields containing the field of complex numbers C as a topological subfield.

2.3. Lemma. Let K be a field that is complete with respect to a valuation ¢, and L = K (i)
the extension of K obtained by adjoining a root i of X?+1. Then L is complete with respect
to the valuation 1: L — R defined by

Y(z) = ¢(NL/K($))1/[L:K}'

Proof. For i € K, we have L = K(i) = K and ¥ = ¢, so there is nothing to prove.

Assume i ¢ K. Then the map ¢ is multiplicative and non-zero on L*, and on the K-
basis {1,47} of L we have ¢)(a+ bi) = ¢(a®+b?)/? for a,b € K. Replacing ¢ if necessary by a
power, we can assume that ¢ satisfies the triangle inequality on K. For ¢ to be a valuation
on L, we need to show that ¥ (z) < 1 implies (1 + z) < C for some C' € R(. Writing
xr = a+ bi, we see that it suffices to show that ¢(a) and ¢(b) remain bounded when a,b € K
satisfy the inequality ¢(a? + b%) < 1.

We argue by contradiction, and assume that ¢(a) is unbounded under the inequality
H(1 + (b/a)?) < ¢(a)~2. This yields elements z,, € K satisfying ¢(1 + 22) < 477! and
therefore, by the triangle inequality for ¢,

O(Tni1 — Tn)P(Tni1 + 20) = G((1 + xi+1) —(1+ 3331)) <247 <,

Upon changing the sign of x,, 1 where necessary, we obtain ¢(z, 11 —x,) < 27" for alln > 1,
making (z,), into a Cauchy sequence in the complete field K. Its limit z € K satisfies
2?2 +1 =0, contrary to the assumption i ¢ K.

The argument above also shows that if ¢(a? + b?) tends to 0, then so do ¢(a) and ¢(b).
Indeed, if ¢(a) would be bounded away from zero, then ¢(1 + (b/a)?) = ¢(a)2¢(a® + V?)
would tend to zero, leading to the same contradiction. This implies that L is complete with

respect to 1, as convergence in L amounts to convergence of the coefficients on the K-basis

{1,i}. O

Lemma 2.3 does not assume that ¢ is archimedean, and the formula it gives to extend ¢ to
a finite extension is a generality that we will encounter again in (3.3).

We will now show that no complete archimedean fields exist beyond the familiar exam-
ples R and C. This theorem, which goes by the name of Ostrowski in valuation theory, is
also known as the Gelfand-Mazur theorem in Banach algebras.

2.4. Theorem. A complete archimedean field is topologically isomorphic to either R or C.
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Proof. We already saw that a complete archimedean field K contains R as a topological
subfield. By Lemma 2.3, the (possibly trivial) extension L = K (i) is a complete archimedean
field containing C as a topological subfield. It now suffices to show that L equals C, as we
then have R C K C L = C, leaving no further choice for K.

Write ¢ for the valuation on L, and scale it to satisfy the triangle inequality. Suppose
there exists @ € L\ C. Then the function C — R defined by z — ¢ (z — «) is positive on
all of C, and as ¥(z — a) > ¥(2)(1 — ¢(«/2)) tends to infinity with ¢ (2), there exists an
element zy € C where ¥(z — «) attains its minimum value r > 0. For z € C close to z,, we
can estimate ¢ (z — «) using Ostrowski’s identity

_ P((z — 20)" — (@ — 2)")
Hgn:Lg;ﬂ Y(C(z — 20) — (= 20))’

which yields, for all integers n > 1, an inequality

(z—z0)" ¥(z — 20)
(Oz—zo)”)S (1+( r

(2 — )

U(z —a) <720 — @)"Y(1 - )")-

Letting n tend to infinity, we find ¥(z — a) = r for all z satisfying ¢(z — z9) < r, showing
that ¢(z — «) is locally constant around z,. Repeating the argument, we see that ¥ (z — «)
is constant on C. This contradiction shows that no element o € L\ C exists, and finishes
the proof. n

2.5. Corollary. Let ¢ be an archimedean valuation on K. Then there exist an embedding
0: K — C and r € R such that ¢(x) = |o(z)|" holds for x € K.

Proof. Theorems 2.1 and 2.4 show that we have an embedding o: K — C of topological
fields, so the topology T, coincides with the topology of the valuation ¢, from (1.12) that is
induced by o. By Proposition 1.16, this implies ¢ = ¢7. O]

If two embeddings o1, 05: K — C induce the same valuation on K, there is by 2.1 an induced
topological isomorphism on the completions. As R has no non-trivial automorphisms and C
has no continuous automorphisms besides the identity and complex conjugation, we conclude
that oy and oy are either equal or complex conjugates of each other. This immediately yields
the following archimedean counterpart to Theorem 1.20.

2.6. Corollary. The infinite primes of a number field K correspond bijectively to the
complex embeddings o: K — C, taken up to complex conjugation. O

An infinite prime of a number field K is called real if it comes from a real embedding K — R,
and complex if it comes from an embedding K — C with non-real image. We see that, in
contrast to the situation for non-archimedean primes in Theorem 1.20, a number field has
only a finite number of archimedean prime divisors. More precisely, they correspond to the
factors of the tensor product

Krp=K®qRXR xC*
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from [NR, (5.3)], and we have r + 2s = dimg Kr = [K : Q] for the numbers r and s of real
and complex primes of K. This is a special case, for ¢, and Q C K, of a general theorem
(Theorem 3.13) on extending valuations to finite extensions.

Under suitable normalizations, there is a product formula for all primes of a number
field K (exercise 18). It reduces to (1.19) for K = Q.

> NON-ARCHIMEDEAN COMPLETIONS

For non-archimedean valued fields K, the residue class field £ can be any field, and the
value group ¢[K*| any subgroup of R (cf. exercise 1.16). The same is true for complete
archimedean fields, by the following lemma.

2.7. Lemma. Let K be the completion of a field K with respect to a non-archimedean valu-
ation ¢. Then we have an equality ¢[K*] = ¢[K*] of value groups and a natural isomorphism
k — k of residue class fields.

Proof. For z € K* we can find a € K* with ¢(a — ) < ¢(x), so the ultrametric inequality
(19) gives 6(a) = 9la — 2 + 2) = 9(a), proving 9(x) € §[K] and §[K] = ¢[K].

Similarly, if x € K* satisfies ¢(x) < 1 and a € K is chosen satisfying ¢(a —x) < 1, then
we have T=a € k = k. O

Given the large variety of complete non-archimedean fields, no classification result of the
simplicity of Theorem 2.4 exists for them. On the other hand, they all share ‘analytic prop-
erties’ that are in some ways easier than those of R and C. By way of example, one can
think of the characterization of converging sums ), ., a) in a complete non-archimedean
field with valuation ¢ as those sums for which ¢(ay) tends to 0 for k — oo.

Exercise 1. Prove this characterization, and show that the value of the sum is the same for each reordering
of the terms.

In non-archimedean fields, all open balls U. = {x € K : ¢(x) < €} and closed balls
B. ={x € K: ¢(x) < e} are additive subgroups of K. For ¢ = 1 we obtain the valuation ring
A = B; and its maximal ideal m = U;. Open and closed balls are the same thing in case we
are dealing with discrete valuations as in Proposition 1.22. Most non-archimedean valuations
in number theory and geometry are of this nature, and give rise to totally disconnected
topological fields.

Suppose ¢ is non-trivial and discrete on K. Then the value group ¢[K*] is an infinite
cyclic group (¢(m)) C Rsp that is generated by the largest value ¢(7) € (0,1) assumed by
. A uniformizer 1 € K* for the corresponding prime divisor p, on which ¢ assumes this
largest value, is unique up to multiplication by units in the discrete valuation ring A. For a
fixed choice of 7, every # € K* can uniquely be written as in (1.23) as

(2.8) x =y - @
for a p-adic unit u € A* and an integer ord,(x) € Z.
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In a complete discretely valued field K, with 7 a uniformizer for the prime p, every

element admits a p-adic expansion

(2.9) x = Z a;m,

i>ordp(x)

with a; from some subset S C A of p-adic digits. For S one can pick any set of representatives
in A of the residue classes modulo the maximal ideal m = 7w A, where it is customary to pick
0 € S for the representative of the class m itself. In view of the application in Theorem 3.9,
we include in the statement below a version in which the powers 7! are replaced by arbitrary

elements ; that generate the same ideal as 7.

2.10. Theorem. Let K be complete with respect to a non-trivial discrete valuation, with
valuation ring A and m = wA as above. Let m; € K be a generator of m‘, for i > 0, and
S C A a set of representatives of k = A/m containing 0. Then we have

A:{Zaim: a,;ESforiZO},

i=0
and every x € K* has a unique p-adic expansion & =354 () a;m.

Proof. If (a;);>¢ is any sequence in S, the sum ), ,a;m; has terms tending to 0, and is
therefore convergent in K. Assume that not all a; are zero. As all non-zero terms have
different valuations, the value x = ). a;m; has valuation ¢(z) = ¢(my), with N = ord,(x)
the smallest ¢ with a; # 0. This not only shows that the value lies in A, but also that any
difference >_." a;m; — > bym; of two distinet sums with coefficients in S is non-zero: it has
non-zero valuation ¢(my) with N = min{i : a; # b;}.

Conversely, given x € A, there exists ag € S with £ = ag mod m. We have x = ag+m21
with z; € A, and taking a; € S satisfying x; = a; mod m yields * — ag — ;7 € mm = m?.
Thus © = ag+ a7 +x9my for some x5 € A, and continuing inductively we construct elements
a; for i > 0 such that we have z = " a;m; mod m"™, and therefore x = Y .2, a;m;. We
already know that the expansion is unique, proving the first statement.

For the second statement, we use (2.8) to reduce to the case ord,(z) = 0, and then
apply the first statement with m; = 7. O

If the complete field K in Theorem 2.10 is obtained by completion of a subfield Ky C K,
the elements 7; and the coefficients a; can be taken from Ky by Lemma 2.7. This applies in
particular to the completions of Q arising from the p-adic valuations in Theorem 1.18.

In the ‘equal characteristic case’ where K and k have the same characteristic, the natural
map A — A/m = k often allows a section, i.e., there is a coefficient field k C A that maps
isomorphically to A/m under reduction. When K has a coefficient field, one can take S in
Theorem 2.10 equal to k, and then K is a topological field that is isomorphic to the field
k((X)) of Laurent series over k. See exercises 19-22.
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»  p-ADIC NUMBERS

The p-adic number field Q, is the field obtained by completing the rational number field Q
under the p-adic valuation ¢, from Theorem 1.18. The valuation ring of Q, is denoted by Z,,
and its residue class field is the finite field F,, = Z/pZ = Z,,/pZ,. Making the obvious choices
m=p'and S ={0,1,2,...,p—1} for K = Q, in Theorem 2.10, we see that p-adic numbers
have a unique p-adic expansion

xr = Zaipi with a; € {0,1,2,...,p—1},
>—00
where ¢ > —oo indicates that there are only finitely many ¢ < 0 with a; # 0. These
expansions are in many ways similar to the decimal expansions x = Z;’;foo a;10~% with
a; € {0,1,2,...,9} that are commonly used in the archimedean completion R of Q. The
ambiguity of decimal expansions (1=.9999999999...) does not occur in the p-adic case.

Arithmetical operations in Q, are performed in almost the same way as operations on
real numbers given by a decimal expansion, and computer algebra systems deal with them
as efficiently as they do with real numbers, making explicit p-adic calculations very easy,
and doable by hand in small examples.

An addition Y, a;p* + >, bip' is performed as an addition of formal power series in p
followed by a transport of ‘carries’, for ¢ ranging from —oo to oo, from coefficients a; + b;
not in S to the next higher coefficient. A carry at the i-th coefficient a; + b; € S gives a
new i-th coefficient a; + b; — p € S and replaces the (i + 1)-st coefficient by a; 1 + b1 + 1.
Similar remarks can be made for the multiplication of p-adic numbers, and for subtraction
one transports ‘carries’ in the other direction. As an example for the addition, one can
consider the representation

~-1=) (p-1)p' eqQ,
i>0
for —1 € Z,: both sides yield 0 when 1 is added. As this example makes clear, the natural
total ordering on Z or Q has no natural extension to Z, or Q,.

Exercise 2. Find the p-adic expansion of x = 100 in Qs, Q3 and Qs5, and that of its additive inverse.

For division in Q,, one can find the expansion of a = z/y € Q, by equating coefficients
in a ‘power series identity’ ay = z or perform ‘long division’ as for real numbers, solving
x —ay = 0 for z,y € Z by successively subtracting suitable multiples a;p'y (with a; € S) of
y from x that eliminate the lowest coefficient, leaving a smaller remainder. As an example,
one can check that the quotient % € Z3 has a 3-adic expansion

771 =1102120102120102120. .. € Qs
that is periodic with period length 6, just like the decimal expansion
771 = 142857142857 142857 ... € R.

The equality of the period lengths is no coincidence, see exercise 10.
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Exercise 3. Compute the p-adic expansion of ﬁ in Qs2, Q3 and Q5.

There are other convenient choices for the set S of digits in Q,, such as the multiplicatively
closed set of Teichmiiller representatives (exercise 11).

» LOCAL FIELDS

If K is complete with respect to a non-trivial discrete valuation, the representation of el-
ements of A by their expansions )., a;m; from Theorem 2.10 establishes a bijection of A
with a countable infinite product H;o S of ‘digit sets’ S that is actually an isomorphism
of topological spaces if we give S the discrete topology: elements are close if their first N
digits coincide for some large N. If the cardinality of S, which equals the cardinality of the
residue class field £ = A/m, is finite, then Tychonoff’s theorem from topology implies that
[I,>0 S, and therefore A and all open balls m™ are compact, making the valuation topology
on K into a locally compact topology.

A field K equipped with a non-trivial valuation is said to be a local field if the valuation
topology on K is locally compact. Such fields admit a very ‘concrete’ description, and arise

as completions of what we will call global fields in section 6.

2.11. Theorem. Let K be a local field. Then K is complete under the valuation topology,
and either

— K is archimedean, and topologically isomorphic to R or C, or

— K is non-archimedean, its valuation is discrete and its residue class field is finite.

Proof. If K is archimedean, its completion is topologically isomorphic to either R or C by
Theorem 2.4. As a locally compact subfield of R contains a closed interval [—¢,¢], and a
locally compact subfield of C a closed disk {z : |z] < e}, we deduce that K is equal to either
R or C.

Suppose K is non-archimedean and locally compact for the topology 7, of a non-
trivial valuation ¢. Pick # € K* any element with ¢(7) < 1. Then 0 € K has a compact
neighborhood that contains the closed ball 7" A = {x € K : ¢(z) < ¢(n™)} for n a sufficiently
large integer. It follows that the closed ball 7" A, and therefore A itself, is compact. As the
cosets of the open unit ball Uy = m C A cover A, there are only finitely many different
cosets, so the residue class field & = A/m is finite. The complement A \ m is open, being
a finite union of open cosets of m, so m is a closed subset of A, and therefore compact. As
m = J,,55 Ui—1/n is covered by finitely many open balls of radius 1 — 1/n, it is contained in
Ui—1/n for n sufficiently large, showing that the valuation is discrete. O]

Completions of a number field at its primes, either finite or infinite, are examples of local
fields.

Exercise 4. Let F be a finite field. Show that every completion of the rational function field F/(X) at one
of its primes is a local field.

Every local field K of positive characteristic is a field K = k((X)) of Laurent series over a
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finite field k, with ¢x the corresponding valuation, and k£ C K the coefficient field for this
valuation (exercise 21). In exercise 3.5, we will see that a local field of characteristic 0 is the

same thing as a finite extension of Q,, with Q. = R accounting for the archimedean case.

» HENSEL’'S LEMMA

Over the field of real numbers R, the completeness gives rise to various ‘intermediate value
theorems’ stating that if a continuous function f: R — R that assumes both positive and
negative values on an interval, it necessarily has a zero in the interval. This zero can be
approximated by repeated bisection, but in case f is differentiable, Newton iteration (exercise
12) provides a much faster method.

In complete non-archimedean fields K, there are no intermediate values as K has no
linear ordering, and continuous functions on totally disconnected spaces are not particularly
well-behaved. Still, in the case of polynomial functions f: K — K, which come with formal
derivatives, one can often apply Newton’s method to refine approximate solutions to the
equation f(x) = 0 to actual solutions in K, or to ‘lift” approximate polynomial factors of f
to actual factors in K[X]. Results of this nature all go under the name of Hensel’s lemma.

The version for ‘simple’ factors of f over the residue class field kK = A/m is the following.

2.12. Hensel’s lemma. Let K be complete with respect to a non-archimedean valuation,
and A the valuation ring of K. Suppose that f € A[X] is a polynomial that factors over the
residue class field k = A/m as

J=9-hekX]
with g, h € k[X] non-zero and coprime. Then there exist g, h € A[X] with deg(g) = deg(g)
and reductions g, h € k[X] such that we have a factorization f = g-h € A[X],

Proof. The required polynomials g and h are obtained by an inductive refinement of initial
lifts of g and h to A[X]. More precisely, we set n = deg f and s = deg(g), and find 7 € m
and polynomials g, ho, ap and by in A[X] satisfying
deg(go) = s f = goho mod TA[X]
deg(ho) <n—s aogo + boho = 1 mod wA[X].
This amounts to taking arbitrary lifts go, hg € A[X] of g.he k[ X] of the same degree, doing
the same for polynomials @, by € k[X] expressing the coprimality relation
@og + boh = 1 € k[X],

and taking for 7 € m the largest of the finitely many coefficients that occur in the polynomials
f—goho and aggo+ boho — 1 in m[X]. Note that there is no need to assume that the valuation
is discrete.

We now construct polynomials gq, hi,a; and by in A[X] that are congruent to go, ho, ag
and by modulo TA[X] and satisfy

deg(g1) = s f = g1hy mod 7*A[X]

(2.13) )
deg(hy) <n—s aigi + bih; = 1 mod 7 A[X].
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Once we can do this, we can iterate the construction to obtain sequences of polynomials
gi, hi € A[X] of degree deg(g;) = s and deg(h;) < n — s satisfying f = g;h; mod 7% A[X].
The sequences g;, h; then converge quadratically in A[X] as we have

Giv1 =¢; mod 7r2iA[X]
hit1 =h; mod w2 A[X].
The limits g = lim; o, g; and h = lim;_,, h; yield the desired factorization f = gh € A[X].
To construct g; and hy, we need polynomials u,v € A[X] of degree deg(u) < s and

deg(v) < n — s such that g = go + 7u and hy = hy + 7v satisfy f = g1k mod T2 A[X].
Writing f = goho + 7o with 7o € A[X], this amounts to achieving the congruence

(2.14) vgo + uhg = 1o mod TA[X].
Multiplying our congruence aggo + boho = 1 mod mA[X]| by ro yields
agrogo + boroho = 1o mod TA[X],

but byrg is typically of degree > s. We therefore take for u the remainder of byry € A[X]
upon division by the polynomial gy of degree s, which has its highest coefficient in A*. This
yields u € A[X] of degree deg(u) < s = deg(go) satisfying u = byro mod gy A[X]. We now
have a congruence
uhg = borohg = ro mod (TA[X] + goA[X]),

so we can write rg — uhg = vgo mod T A[X] for some polynomial v € A[X] of degree at most
n — s, as required in (2.14), to obtain the first congruence in (2.13).

Finally, the polynomials g; and hy satisfy agg; + bohy = 1 + wt for some t € A[X], so
we can define polynomials a; = (1 — 7t)ag and by = (1 — 7t)by in A[X] to achieve the second

congruence a;g; + bihy = (1 — 7t)(1 + 7t) =1 mod 72A[X] in (2.13). O

Exercise 5. For f = 2X?+X+2 € Zy[X], we can take g = X and h = 1 € F5[X]. Find a few approximations
90, 91, 92, - - - to the linear factor g of f.

For § = X — @ a linear factor of f, the hypothesis in Theorem 2.10 that § be coprime to
h = f/g amounts to requiring that @ be a simple root of f € k[X].

2.15. Corollary. Let f € A[X] be a polynomial. Then every simple zero @ € k = A/m of
f € k[X] can uniquely be lifted to a zero oo € A of f satisfying (o mod m) = @. O

Suppose go = X — oy € A[X] has reduction X — @ € k[X] in the situation of corollary 2.15.

Then we can write
f= (X - Oéo)ho +7e A[X] with 7= f(Oéo) cm,

and taking ro = 1 in the proof of Theorem 2.12, we obtain g; = go+ 7wu, with u = by(a) € A*
some element that is the inverse (modulo 7A, or simply in A) of

ho(ag) = [%ﬁiao)] . = f'(ap) € A*.
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[terating the process in which gy = X — g gets replaced by ¢, = X — oy, with

f(ao)
f'(ao)’

we obtain a classical root approximation method known as Newton iteration. It amounts to

(216) a1 = Qg —

replacing ag by the zero «; of the linear approximation (‘tangent line’) to the function f
in the point (ayp, f(ap)). Non-archimedean Newton iteration converges not only for lifts of
simple roots of f € k[X], but also for ‘sufficiently accurate’ root approximations ay, as

follows.

2.17. Theorem. Let K be complete under a non-archimedean valuation | .|. Suppose that
f € A[X] is a polynomial, and oy € A an element for which we have

|f(ao)| < [f'(w0)]?.

Then iteration of (2.16) yields a sequence g, ay, (o, ... in A converging to the unique zero
a € A of f satisfying
o — a0l < [ f(0)l/] ().

Proof. For f € A[X] of degree n there exist polynomials f; € A[X] such that we have
(2.18) FX+Y) =) f(X)Y".
i=0

We have fy = f and, by definition, f; = f’.

By assumption, the element 9 = f(ag)/f'(c)? is in the maximal ideal m C A, and
so is 0o = —f(aw)/ f'(aw), as we have |dg| < |f'(a)| < 1. Define a; = o + &y as in (2.16).
Putting X = ag and Y = Jp in (2.18) for our polynomial f, we find

flan) = flao) + dof () + D01y filao)dy = D21, filao)dy € G5 A.
For f', we obtain f'(a1) € f/(ao) + GoA, s0 we have | f(a1)| = | f/(ao)| % 0. From
[ f(en)] <1631 = [mol - | f(ao)] < | ()]
we see that in the next iteration step, m; = f(a1)/f'(c1)? and 6; = —f(a1)/f'(aq) satisfy
[mi] < |mol - | f(@w0)] <|mo| — and  |d1] < |mo| - [do] < [dol-

It follows that the limit o = lim; oo ; = 9 + D50 0; 1S & zero of f satisfying |f'(a)| =
|f'(c)| and the inequality o — ag| = | Doy 0i| < [0

Suppose  # « is an other zero of f satisfying |8 — ag| < [0p]. Then 6 = f —a # 0
satisfies |d] = |(B — ap) — (a — ap)| < |do| by the ultrametric inequality, and applying (2.18)
with X = a and Y = § we find

f(B)=0=04+df"(a)+ 6%a
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for some a € A. Dividing by ¢ we find f'(«) € 0A, contradicting the estimate

6] < 160] < [f'(c0)| = [ (a)].
O

2.19. Example. For p an odd prime and a € Z, the polynomial X* —a@ € F,[X] has two
distinct roots in F, if and only if (a mod p) € Fy is a square. By corollary 2.15, this is
equivalent to a € Z; being a square. We conclude that we have a natural isomorphism

Z,/(Z,)" — F,/(F})* = {&1},

and that the subgroup (Z7)? of squares in Z is of index 2.

For p = 2 and a € Zj, the polynomial X? —a = X? +1 = (X + 1)? € Fy[X] has a
double root, and Theorem 2.17 implies that oy = 1 € Zs can be refined to an actual root of
X? —ain Zy if we have |1 —aly < |2]?, i.e., for a € 1 + 8Z,. As any element 1 + 2z € Z has
square 1+ 4x(x + 1) € 1 4 8Z,, we conclude that (Z%)* = 1 4 8Z; is of index 4 in Z3.

Exercise 6. Compute a couple of p-adic digits of the square roots of —1 € Q5 and —7 € Qs.

2.20. Example. The polynomial X? — X = [[?_ (X — i) € F,[X] splits into p distinct
linear factors over the finite field F,, so by corollary 2.15 the polynomial X?~! —1 has p— 1
distinct roots in Q,. Every non-zero residue class a € F lifts uniquely to a (p — 1)-st root
of unity ¢, € Z, and the map a — ¢, provides a splitting of the natural exact sequence of
groups

1= 1+4pZ, — 2, — F, — 1

With ¢y = 0, the set S = {t, : a € F,,} of Teichmiiller representatives provides a multiplica-
tively closed set of digits that can be used for p-adic expansions in Q,,.

EXERCISES.
7. Show that the ordinary absolute value on C does not extend to a valuation on the rational
function field C(X).

8. Show that the completion of the rational function field C(X) with respect to the discrete
valuation ¢, corresponding to o € C is the field

C(X —a) = {Z?;_OO (X —a)': ¢ €C}
of Laurent series in X — a.

9. Show that Q, is transcendental over Q. What is its transcendence degree?

10. (Periodic expansions.) Show that a p-adic number = € Q,, is rational if and only if its p-adic
expansion =), a;p' is periodic, i.e., if there exists an integer N > 0 such that a;; ny = a;
for all sufficiently large . The smallest such N is called the period of x. Determine how the
period of x depends on z, and find all z € Q, having period 1. State and prove analogous
results for © € Qo = R in terms of the decimal expansion of x.
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12.

13.

14.

15.

16.

17.
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Show that the Teichmiiller representative t, of a € F;, equals ¢, = lim; AP € Z,, for A
any integer with residue class a.

(Newton iteration in R.) For a differentiable function f: R — R and a point zy € R, the
sequence of Newton iterates {x,}5°; C R is defined as in (2.16) by

Tn+1 = Tn — f/(i’ )
n

(n>0).

This is well defined if we have f’(z;,) # 0 for each x,,.

a. Suppose f is twice continuously differentiable on R and x € R is a zero of f with
f'(x) # 0. Show that there is an open neighborhood U of x in R such that x,, converges
to x for each initial value xzg € U.

b. Does there exist a constant C' = C(f) > 0 in (a) such that we have

|Zny1 — x| < Cla, — x)?

for all starting values zg € U?
c. Take f = X3 — X € R[X]. Determine how large U can be taken for each of the zeroes

of f. Can you describe lim,,_,o, z,, (if it exists) as a function of z(?

Determine for each prime p (including co) the order of the group of roots of unity in Q.
Prove that Q, and Q, are not isomorphic (as fields) for p # p'.

Show that Q, has only finitely many quadratic extensions (up to Qp-isomorphism), and

determine their exact number.

Let p be a prime number and n > 0 an integer. Show that Q;/Q;" is a finite group. Determine
its order if p does not divide n.

Let p be a prime number and set ¢ = p if p is odd and g = 4 if p = 2. Show that the closure
of the subgroup of Z;, generated by 1+ ¢ equals 1+ ¢Z,, and that the map Z — Z; sending
z — (1 + q)® can be extended to an isomorphism Z, — 1 + ¢Z, of topological groups
that maps p"Z, onto 1 + gp"Z, for n > 1. Use this to compute the order of Q;/Q;" for
arbitrary n.

Let K be a field of characteristic zero that is complete with respect to a non-archimedean
valuation ¢. Define C' as the open disk around the origin in K with radius 1 if gb‘ Q is trivial,

and with radius ¢(p)*/®=1 if (;S‘Q is p-adic. Show that the power series

(—z)' z
log(l1+x) = — Z — and exp(z) = Z T
i>1 >0
define continuous group homomorphisms

log: U1 =14+p—> K and exp: C — K~

such that logoexp and expolog are the identity maps on C and 1 + C. Show that log is
injective on U if QS} Q is trivial, and consists of the p-power roots of unity in K if gb‘Q is
p-adic.
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18.

(Product formula.) For p a finite prime of a number field K, we let the normalized p-adic
valuation @, be the valuation satisfying ¢p[K*] = (Ng/q(p)), i-e. the subgroup of R* gen-
erated by the ideal norm of the corresponding prime ideal. For an infinite prime p we set
¢p(z) = [Ng,/r(2)|. Show that with this normalization, the formula [, ;e @p(2) = 1 holds
for all x € K*.

A coefficient field for a local ring A with maximal ideal m is a subring & C A for which the

natural map £ — A/m is an isomorphism. A field K with a non-archimedean valuation ¢ is

said to have a coefficient field if its valuation ring has.

19.

20.

21.

22.

23.
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Show that every complete non-archimedean field K with residue class field k of characteristic
zero has a coefficient field.

[Hint: the valuation ring A contains a maximal subfield.]

Let K be a field of positive characteristic that is complete with respect to a discrete valuation.
Suppose that k is perfect. Show that K has a coefficient field.

[Hint: for « € k there exists z,, € A such that 2, has residue z. Show that the map k — K
defined by z — lim 22" is well defined and yields the required field.]

Let K be a field that is complete with respect to a non-trivial discrete valuation, and suppose
that the residue class field k is perfect and of the same characteristic as K. Show that K is
isomorphic (as a topological field) to the field k£((X)) of Laurent series over k. Deduce that
a local field of characteristic p > 0 is of the form F'((X)) with F finite.

Let F be a field and P € F[X] an irreducible separable polynomial with residue class field
E = F[X]/(P). Show that the completion of F(X) with respect to the valuation ¢p defined
in Theorem 1.21 is topologically isomorphic to the field E((Y)) of Laurent series over E.

Let K be a field with a non-archimedean valuation ¢, Denote the valuation ring and its

maximal ideal by A and m.

a. Let S be the set of those € K for which 1 4 x has an nth root in K for infinitely
many positive integers n. Prove: if K is complete with respect to ¢ then m C S, and if
@ is discrete than S C A.

b. Suppose that ¢ is non-trivial and that K is complete with respect to ¢. Prove that any
discrete valuation on K is equivalent to ¢.

c. For i = 0, 1, let K; be a field that is complete with respect to a discrete valuation.
Prove that any field homomorphism Ky — K; of which the image is not contained in
the valuation ring of K is continuous.

d. Show that the fields Q, for p prime or p = oo have no field automorphism except the
identity.



3 EXTENDING VALUATIONS

If K C L is a field extension, extending a valuation ¢ on K to a valuation ¥ on L means
finding a prime — in the sense of equivalence class of valuations — of L extending the prime
of K corresponding to ¢. In the case of archimedean ¢, it follows from Corollary 2.5 that
extending ¢ amounts to extending the embedding K — Ky C C to an embedding L — C,
with complex conjugate extensions giving rise to the same extension valuation.

For non-archimedean ¢, the situation is similar in the case of algebraic extensions K C L:
extending ¢ amounts to finding a K-embedding of L in an algebraic closure Fd, of the
completion Ky of K, to which ¢ can uniquely be extended (Corollary 3.7), and two such
K-embeddings L — K, give rise to the same extension valuation if and only if they differ by
an automorphism of F¢ over K. In view of Theorem 1.20, this provides a way (Theorem
3.13) to phrase the classical problem of extending primes in number field extensions that
was treated in [NR, §2 and 3] as a problem of factoring polynomials over local fields.

In the case of purely transcendental extensions K C L, non-archimedean valuations
extend in many ways, as we can extend ¢ on K to the rational function field K(X) by
picking ¢(X) € R arbitrarily (exercise 1.18). Using Zorn’s lemma, one can obtain exotic
valuations like p-adic valuations on R (exercise 7), but these are not of arithmetical relevance.

We will show first that ¢ extends uniquely to every finite extension K C L in case K
is complete with respect to ¢. This is because such extensions provide a wector morm on
the K-vector space L, and, in case K is complete, all vector norms on finite dimensional
K-vector spaces are equivalent.

> VECTOR SPACES OVER COMPLETE FIELDS

Let ¢ be a non-trivial valuation on K, and assume that ¢ satisfies the triangle inequality. A
vector norm on a finite dimensional K-vector space V' is a function ||.||: V — R that is

positive outside the origin 0 € V' and satisfies
|z +yll <zl +lly[l  and  |[kz|| = ¢(k)]|=]|

for x,y € V and k € K. It defines a metric topology on V under which the vector space
operations of addition and scalar multiplication are continuous.
Two vector norms || - ||; and || - |2 on V" are said to be equivalent if there are constants
C1,Cy € R+q such that
Chllzl[y < [lzll2 < Collz]lx

holds for all x € V. In other words: if they define the same topology on V.

For every basis {w;}; of V over K, there is an associated vector norm on V defined by
(3.1) 1 Kiwil| = max ¢(k;)

under which convergence amounts to coordinate-wise convergence with respect to the basis.

If K is complete, this is up to equivalence the only vector norm on V.
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3.2. Lemma. Let V be a finite dimensional vector space over a complete field K. Then all

vector norms on V' are equivalent, and V' is complete with respect to these norms.

Proof. Choose a basis {w;}; for V over K, and define the associated vector norm || - ||; as
in (3.1). Then V is complete with respect to this norm, as K is complete with respect to ¢.
Any other norm || - ||z on V' is continuous with respect || - ||1, as we have inequalities

n n n n
| Zaiwin < Z¢(ai)||wi||2 < miaxcb(az‘) . Z |will2 = Ca - ] Zaiwilh
i=1 i=1 i=1 =1

with n = dimg V' and Cy = Y, ||lwi||2. For the opposite inequality Ci||z||y < |[|z]]s,
whose validity is unchanged if we replace x by kx for some k € K*, we need to show
that || - ||2 is bounded from below by some positive real constant C} on the unit sphere
S ={x eV : |z||; = 1} or, equivalently, on the union Z = |J;_, V; of the affine subspaces
V;:wi—l-Z#iK-wj cV.

For a local field K, this assertion is immediate as the unit ball B ={z e V : ||z||; <1}
and therefore the unit sphere S = {x € V' : ||z||; = 1} are || - ||;-compact in V| such that
the || - ||1-continuous function || - |2 assumes a positive minimum C; on S.

For arbitrary complete K, we can argue by induction on n = dimg V', the case n =1
being trivial. The induction hypothesis implies that in the topology induced by || - ||2, every
(n—1)-dimensional subspace > j»i I w; C V' is complete and therefore closed. The translates
V; and their union Z = J;_, V; are therefore also || - ||o-closed in V', and do not contain 0.
This implies that there exists an open ball {z € V' : ||z||]s < C1} around 0 that is disjoint

from Z, and we obtain our lower bound. O

For a finite extension L of a field K that is complete under a valuation ¢ satisfying the
triangle inequality, every extension valuation 1 of ¢ to L is a vector norm, as it also satisfies
the triangle inequality. By Lemma 3.2, the topology on L induced by v does not depend on
a choice of 1, so Proposition 1.13 implies that if there exists an extension v of ¢ to L, it is

necessarily unique.

» EXTENDING VALUATIONS: COMPLETE CASE

Let K be complete with respect to ¢, and K C L a finite extension. Then every x € L has
only finitely many K-conjugates inside a normal closure M of L over K, and they are of the
form o(z) for some K-automorphism o of M. If v is a valuation on M extending ¢, we have
) o 0 = 1) by the uniqueness of ¥. As the norm Ny x(x) € K is a product of [L : K| (not
necessarily distinct) K-conjugates of x, we have ¢(z)ll51 = (Np ke (2)) = ¢(Np/x(2)), so
the extension v is necessarily given on L by the formula

(3.3) Y(x) = ¢(NL/K(33))1/[L:K]

that we already encountered in the special case of Lemma 2.3.

34



§3: Extending valuations

It is clear that (3.3) defines a function 1 satisfying the first two conditions of defini-
tion 1.3, but the validity of the third condition

(3.4) ) <1=p(l+2)<C

for some C' € R+, which shows that v is a valuation on L, is not immediate. In the important
special case that K is a local field, one can use the continuity of z — 1 (1+z) on the compact
unit ball {x € L : ¢(x) <1} to obtain the required constant C'.

Exercise 1. Complete the details of this proof.

This argument can be extended to the general case [10], but it is easier to derive the
archimedean case from Theorem 2.4, and treat the non-archimedean case separately.

3.5. Theorem. Let K be complete with respect to ¢ and K C L a finite extension. Then
¢ extends uniquely to a valuation v on L. It is given by

() = (N i () 1EH]
for x € L, and L is complete with respect to 1.

Proof. In the archimedean case the only non-trivial extension is R C C, and for this
extension the theorem is correct.

For ¢ non-archimedean, we show that (3.4) is satisfied with C' = 1. As the norm Ny k(x)
is the constant coefficient of the characteristic polynomial of x, which is a power of the

minimal polynomial f% of z, this amounts to proving the implication

o(f5(0) <1 = o(fi(—1)) < 1.

More generally, we claim that for f € K[X] monic irreducible, we have an equivalence
(3.6) f(0) e A<= f e A[X],

where A C K denotes the valuation ring of ¢. Indeed, if f is not in A[X], let ¢t € K*
be a coefficient of f of maximal absolute value ¢(¢t) > 1. Then we have t~! € m and
t~'f € A[X]\ m[X], with m the maximal ideal of A. If we have f(0) € A, then the highest
and the lowest coefficient of ¢~ f are in m, so X~ divides ¢f in k[X] = (A/m)[X] for some
s > 1. If we take s maximal, then X is a simple factor of t=1f of degree s < deg f.
By Hensel’s lemma, it lifts to a factor of degree s of t71f (and therefore of f) in K[X],
contradicting the irreducibility of f. m

3.7. Corollary. Let K be a complete non-archimedean field, and Ay its valuation ring.
Then the valuation on K extends uniquely to an algebraic closure K of K, and its valuation
ring A% C K is the integral closure of Ag in K.
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Proof. By Theorem 3.5, the unique extension v of the valuation ¢ on K to K is given by

() = ¢(Nig(ay e () /E @],

The equivalence (3.6), applied to f7, shows that we have ¢ (x) < 1 if and only if f§ € A[X],
i.e., if and only if x is in the integral closure of A in K. O

In the typical case where the extension K C K is of infinite degree, Lemma 3.2 does not
apply, and K will not be complete with respect to the extension valuation. See **.

> RAMIFICATION INDEX AND RESIDUE CLASS DEGREE

Let K C L be a field extension and v a valuation on L that extends a non-archimedean
valuation ¢ on K. Then the ramification index e(y/¢) of 1) over ¢ is the group index

(/) = [WILT] : o[ K]

of the value group ¢[K*| = ¥[K*| inside ©)[L*] C R+, and the residue class degree f(1/¢)
of ¥ over ¢ is the degree
f/e) =10: K]

of the extension of residue class fields. Note that these quantities, when finite, are multi-
plicative in a tower K C L C M of valued fields.

For K C L an extension of number fields and q C Oy, a prime lying above p = q N Ok,
we defined [NR, §3] the ramification index e(q/p) = ordy(pOr) as the exponent to which q
occurs in the factorization of pOy. Define ¢4 as in Theorem 1.20, with ¢, = ¢¢|x. As we

have
ordg(z) = e(q/p) - ordy(z) for z € K7,

g K*] C ¢q[L*] = Z is a subgroup of index e(¢q/¢p) = e(q/p). Moreover, as kg = Op/q is
the residue class field of ¢, the residue class field degree f(¢q/¢,) equals the residue class
degree f(q/p) = [kq : kp] for primes from [NR, §3].

Suppose R C L* is a set of elements having residue classes in ¢ that are linearly inde-
pendent over k, and S C L* a set of elements with valuations in ¢[L*] that lie in different
cosets of ¢[K*]. We claim that the elements rs € L with r € R and s € S are linearly
independent over K. To see this, suppose we have a K-linear dependency

Z arsrs =0

(r,s)eRxS

with finitely many non-zero coefficients a,; € K. Fix s € S, and suppose a, = ZTE R OrsT
has a non-zero coefficient a,,. Pick a,, € K* with ¢(a,s) = max, ¢(a,s) > 0. Then a_a;
has non-zero residue in ¢ by definition of R, and valuation ¥ (alas) = 1. We find a, # 0
and ¢(a;s) = ¢(ars) € @[], so all non-zero terms in the sum ) o ays = 0 have different
valuation by definition of S. By (1.10) we conclude that all a;; equal 0, so no coefficient a,.

can be non-zero, as claimed. We obtain the following universal inequality.
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3.8. Theorem. Let ¢ be a valuation extending a non-archimedean valuation ¢ on K to a
finite extension K C L. Then e(v/¢) and f(¢/$) are finite and satisfy

e(/o)f(¥/o) < [L: K].
Proof. We have #R - #S < [L : K| for integers #R < f(¢/¢) and #S < e(v)/9). O

For K a complete non-archimedean field, the valuation extends uniquely to every finite
extension K C L by Theorem 3.5, and we write ey x and [,k for the associated ramification
index and residue class degree, which are finite by Theorem 3.8. In the important case where
K is complete with respect to a discrete valuation, the inequality ey, x fr/x < [L : K] is an
equality, and an explicit integral basis for the valuation ring A, as a module over Ag.

3.9. Theorem. For K complete with respect to a discrete valuation and K C L a finite

extension we have

GL/KfL/K = [L : K]-

Moreover, with 7, € Ap, a uniformizer and residue classes of r1,72,...,7y, € L forming a

k-basis for ¢, we have
A = @ Ag - 7“1'71'%.
1<i<fr,K, 0<j<er,k
Proof. As every integral basis for A, over Ay is also a basis for L as a vector space over K,
the first statement is implied by the second.

The second statement is an application of Theorem 2.10. More precisely, write e = ey /k
and f = fr/k, and let S C Ak be a set of representatives of Ax modulo its maximal ideal
mg that contains 0. Then the set S;, = Z{Zl Sk -1y = {Z{Zl sir; o s; € Sk for all i} is a
set of representatives of A; modulo its maximal ideal m; that contains 0.

With 7x and 7, uniformizers in Ay and Ap, we have m§ = 7§ A, = mxAp, so the
powers of my, are generated by the elements of the form Wiﬂ% withm € Zspand 0 < j <e.
By Theorem 2.10, every x € Ay, has a unique representation

(e 9]

xr = Z (Z Sz'ij?)Tﬂ%;

1<i<f, 0<j<e m=0
proving the desired statement. [

In the case where k C ( is separable, we have ¢ = k(T), and we can take r; = x'~! for an
element © € Ap with residue class T € (. Then Ap = Ag[z, 7] is a free Ag-module with
basis

{xiﬁi c0<i< fryr, 0<j <ep/k}

If g € Ag[X] is monic with reduction f7 € k[X], we have g(x) € my. If g(z) generates my,
we can take 7, = g(v) € Ag[z] to obtain Ay = Ag[z]. If not, we have g(z) € m%, but
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g'(x) € A}, by the separability of § = f¥ € k[X]. Thus, after replacing = by x + 7, which

has the same reduction = € /¢, the element
g(x +m1) € g(x) + ¢ (x)mp +mi = ¢'(2)7p +m

is a uniformizer, and we see that A; = Ag[z + 7] is monogenic as an Ax-algebra: it can be
generated over Ax by a single element.

3.10. Theorem. Let K C L be a finite extension of complete discretely valued fields, and
suppose the residue class field extension k C { is separable. Then there exists a € Ay, such
that we have A; = Akla]. O

Note that, in contrast to Theorems 3.9 and 3.10, extensions Ok C Oy, of rings of integers in

number fields do not in general have integral bases, and are not in general monogenic.

For non-discrete valuations, the inequality ey /x f1/x < [L : K] in Theorem 3.8 can actually
be strict.

3.11. Example. As the prime 2 is totally ramified in the cyclotomic extension Q C Q((an)
of degree 2"7! for all n > 1, the extension Qy C L, = Q((en) of complete fields has
er,/q = 2" 'and fr,/q, = 1. The subextension K,, = Q((on + (') C Ly, is quadratic with

er, /K, = 2, and we explicitly have

ordo[K] = 2277 & ords[L] = 2V"Z forn > 1.

The field Lo = U,,; Ln = Q2((2=) is an infinite algebraic extension of Qy to which the 2-

n>1"—n
adic valuation, or, equivalently, the exponential valuation ordsy, extends uniquely, with value

group

(3.12) ordy[Li ] = | J2' " Z =Z[}] = {& 1 a € L,k € Lo}

2k
n>1

and residue class field Fy. By Lemma 2.7, the completion L of L., is a complete non-
archimedean field having the same residue class field and value group as L.. The Q-
automorphism o : ¢ = (7! of Ly sending every 2-power root of unity ¢ € L to its inverse
extends to an automorphism of L of order 2, and its invariant field K is the completion of
Koo = U, Kn- As we have ordy[L*] = ords[K*] = Z[}] the extension K C L of complete
fields has e/ fr/xk =1 <2 = [L : K]. It is ‘caused’ by the fact that a non-discrete value
group like Z[3] C R, which is 2-divisible (i.e., every element in it is of the form 2z for some
element x in the group) does not have a subgroup of index 2.

Exercise 2. Prove the various statements made in this example.

> EXTENDING VALUATIONS: GENERAL CASE

We now treat the analogue of Theorem 3.5 in the case that K is not necessarily complete with

respect to ¢. As valuations extend uniquely in purely inseparable extensions (exercise 8), we
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can and will restrict our attention to the case of finite separable extensions K C L. Such L
can be given explicitly as L = K|[X]/(g) for some monic irreducible polynomial g € K[X]. We
now obtain an extension of ¢ to L for every irreducible factor that ¢ has over the completion
Ky of K.

3.13. Theorem. Let ¢ be a valuation on K, and K C L a finite separable extension. Then
we have a canonical isomorphism of K 4-algebras

Kd’ XK L — HLw
()

Writing L = K[X]/(g) with g € K[X| monic irreducible, the extension valuations ¢|¢ on L
correspond to the monic irreducible factors g;|g in K4[X], with

L= K[X]/(g9) — K4[X]/(9:) = Ly
the completion of L induced by g;.

Proof. A completion L, at an extension valuation ¢) comes with natural A-homomorphisms
L — Ly and K4 — Ly, so there is a canonical map hy: K4 @k L — Ly, for each such .
The image of h, contains the dense subfield L, and as it has finite dimension over Ky it is
closed by Lemma 3.2. Thus L, is a quotient of the Ky-algebra K, ®x L.

Writing L = K[X]/(g), we can factor the separable polynomial g € K[X] over Ky into
distinct monic irreducibles as g = [[._, g € K4[X]. By the Chinese remainder theorem, the
quotients Ly, of the Ky-algebra

Ky @k L= Ky[X]/(g) = HKAX]/(%)

are the fields Ly, = K4[X]/(g:), with (X mod ¢g) € L = K[X]|/(g9) C Ly corresponding to
X mod g;. Every factor K4[X]|/(g;) comes with a unique valuation ;|¢ by Theorem 3.5.
As an L-isomorphism Ky4[X]/(g;) — K»[X]/(g;) of Ks-algebras, which maps X mod g; to
X mod g;, does not exist for ¢ # j, it follows from Lemma 3.2 that the valuations v; and ),
are inequivalent on L for ¢ # 7. O

For ¢ the archimedean absolute value on Q, we have Ky = R in Theorem 3.13, and L is
a number field. The R-algebra Lg = L ®q R is the Euclidean space we used in [NR] in
Minkowski’s geometry of numbers. As we noticed already after Corollary 2.6, this is the
product of the archimedean completions of L.

For ¢ the p-adic valuation on Q, we recover a formula that we already proved for
Dedekind domains in [NR, Theorem 3.4].

3.14. Corollary. For K C L finite separable and ¢ a non-archimedean valuation on K,
there are finitely many extensions 1 of ¢ to L, we have an inequality

S e(w/d)f(/6) < [L: K],

Y[¢

If ¢ is discrete, we have equality.
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Proof. The isomorphism in Theorem 3.13 shows that the Ky-dimension of Ky ®x L equals
> piglLy t Ko| = [L : K]. We have e(1)/) f(¢/¢) < [Ly : Ky] by Theorem 3.8, with equality
for discrete ¢ by Theorem 3.9. ]

In the archimedean case we put f(¢/¢) = 1 and e(y/¢) = [Ly : Ky, such that equality
holds as for discrete ¢. In line with this choice, we call an extension 1|¢ of archimedean
valuations (or primes) ramified if ¢ is real and v is complex. This convention, although
somewhat arbitrary, is the natural one in the context of class field theory.

Theorem 3.13 shows that extending a valuation ¢ from K to L amounts to factoring
a generating polynomial g € K[X] for L over the completion K. Such factorizations can
be found using Hensel’s lemma from sufficiently accurate approximate factorizations. If ¢ is
non-archimedean and ¢ is separable over the residue class field k£, we recover the Kummer-
Dedekind theorem [NR, Theorem 3.1] for primes not dividing the discriminant of g. For more
details we refer to exercise 11.

3.15. Example. Let K = Q(a) be the extension of Q that is obtained by adjoining a root
« of the irreducible polynomial X* — 17, and suppose we want to determine the extensions
of the 2-adic valuation ¢ = |- |2 on Q to K. For this, we need to factor the polynomial
f = X* — 17, which has inseparable reduction over Fy, over the field Qs.

The approximate zero 3 € Zy satisfies |f(3)]s = |64]2 < |f'(3)|3 = |4]3, so by Theorem
2.17 f has a zero a € Zy with a = 3 mod 16. As Z, does not contain the 4-th root of unity
i = /—1, we conclude that f factors over Qq as X* — 17 = (X — a)(X + a)(X? + @?). This

yields an isomorphism of Qs-algebras

Q2 ®q Q@) — Q2 x Q2 x Qa(4)
x ® h(a) — (zh(a), xh(—a), zh(ia)).

We conclude that ¢ has two extensions v, ¥ to K with e(i;/¢) = e(iy/¢) = 1 and
f(r/@) = f(1a/@) = 1, and a single extension 3 with e(¢3/¢) = 2 and f(13/¢) = 1. They

are given by

i(h(a)) = [h(a)]s ba(h(a)) = [h(=a)l2 ¥s(h(a)) = |h(ia)ls

for h € Q[X], i.e. they are the composition of an embedding of K in Qg or Qz(i) with the
unique 2-adic valuation on these complete fields. In terms of ideals, this means that we have
a factorization 20k = p2q2t§ of the rational prime 2. The ideals p, q,t C Ok are obtained by
intersecting the ring O, which becomes a subring of Z, or Z[i] after an embedding, with
the maximal ideal 2Z5 or (14 14)Zs[i]. As 2 divides [Ok : Z[z]] for every x € K (exercise 16),
we cannot easily apply the Kummer-Dedekind theorem here. O

A final consequence of 3.13 is the following relation between global and local norms and
traces.
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3.16. Corollary. For K C L finite separable and ¢ a valuation on K, we have identities

Npjk(x) = H Np,k,(x) and  Trpx(r) = Z Trr,/x,(z)
(4L Yo

for every element x € L.

Proof. The matrix M, of multiplication by x € L is the same for the K-vector space L and
the Kg4-vector space Ky @k L, and computing its trace or norm using the isomorphism in
Theorem 3.13 gives the desired result. O]

EXERCISES.

3. Let K be a field. Show that there exists a non-trivial valuation on K if and only if K is not
an algebraic extension of a finite field.
[Hint: use exercise 1.13.]

4. Let K be complete with respect to a discrete valuation ¢ and v the extension of ¢ to an
algebraic extension L of K. Show that e(¢/¢) and f(1)/¢) are finite if and only if the degree
[L : K] is finite.

5. Prove that a local field of characteristic 0 is a finite extension of Q,, for some p (possibly
p=00).

6. Let L be a field that is complete with respect to a discrete valuation v, and let K be a

subfield of L for which K C L is finite and separable. Prove that K is complete with respect
to the restriction of 9 to K.

7. Let K be a field, ¢ a non-archimedean valuation on K, and n a positive integer. Denote by
Sp the set of those non-zero vectors (1, z2,...,x,) € K™ with the property that h is the
smallest of the subscripts i for which p(x;) = max{p(z;) : 1 <j <n}.

a. Prove that any sequence vy, vs, ..., v, of vectors in K™ satisfying v; € S; for each i
forms a basis for K" over K.

b. Prove that the two-dimensional Euclidean plane can be written as the union of three
dense subsets with the property that no line in the plane intersects all three subsets.

8. Let ¢ be a valuation on a field K and let 2 be an algebraic closure of the completion K.

a. Show that the valuation on Ky has a unique extension v to {2 and that ¢ o o0 = 1 for
all 0 € G = Autg, ().

b. Let L/K be a finite extension. Show that G acts naturally on the set Homg (L, §2), and
that the G-orbits correspond bijectively to the extension valuations of ¢ on L. What is
the length of the orbit corresponding to 7

¢. Suppose that ¢ is discrete and let L be as in b. Show that we have

> R /) (/) = L+ K]
uig Lo+ Kolins
with [L : Klins and [Ly : Kplins the degrees of inseparability of the extensions L/K and
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9.

10.

11.

12.

13.

14.

15.
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Let L/K be an extension of number fields and ¢ a non-trivial non-archimedean valuation of
K. Show that the image of the ring of integers Oy, under the natural map L — Ky ®x L =

[ 14 Ly has closure ], Ay.

Let Ky be the field obtained by adjoining all 2-power roots of unity to Qs, and K the
completion of Ky with respect to the extension ¢ of the 2-adic valuation to Ky. Show that
K has an automorphism o of order 2 mapping each 2-power root of unity to its inverse, and
that £ = K{7) C K is a quadratic extension of complete fields with e(¢/¢5) = f(¢/dr) = 1.

(Kummer-Dedekind.) Let K C L = K(«) be an extension of number fields for which o € O,
integral, and p C Ok a prime that does not divide the index [Of : Ogla]]. Prove: if the
reduction modulo p of f = f& factors as f = Hle g;" € ky[X], then p factors in Oy, as
pOL = [T, a5, with q; = pOr, + g;(a)Or, the prime in O generated by p and g;() for
some lift g; € Ox[X] of g;.

[Hint: we have f = [['_, fi € K,[X] by Hensel’s lemma, and Ly, = K,[X]/(f;) has residue
class field K[X]/(g;).]

Let K be complete with respect to a non-archimedean valuation ¢ and v the extension of ¢
to the algebraic closure Q2 of K.

a. (Krasner’s lemma.) Let « € € be separable over K and suppose that § € ) satisfies
P(a—B) < Y(a— ) for every K-conjugate o’ # « of a. Show that « is contained in
K(B).

[Hint: Show that « is fixed under every automorphism of Q/K(f3).]

b. Let K(«a)/K be a Galois extension of degree n and f € K[X] the minimal polynomial
of a over K. Let g € K[X] be a polynomial of degree less than n. Show that there
exists € > 0 such that K («) is the splitting field of f + kg for all elements k € K with

P(k) <e.
Let p be a rational prime (possibly p = 00) and Q, C F' a finite extension.

a. Show that there exist a number field K and a prime p of K extending p such that the
completion K, is isomorphic to F'.

b. Let E/F be a finite Galois extension with group G. Show that we can choose number
fields L and K that are dense in respectively E and F' in such a way that L/K is also
Galois with group G.

Let L be a finite extension of a field K that is complete with respect to a discrete prime divisor,
and suppose that the residue class field extension L/K is separable. Show that A, = Ax[a]
for some o € Aj,.

[Hint: If L = K (%) there exists € Ay with minimal polynomial f such that f is the minimal
polynomial of T over K. If 7 is a prime element of L, then f(x + 7) is also a prime element
and o = z + 7 does what we want.]

Determine the structure of Q, ®q K for K = Q[X]/(X* —17) and p = 3,5,17,149 and oc.
What is the corresponding factorization of these rational primes in K7
[Hint: 74 = 17 mod 149.]
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16. For K = Q(«) with a* = 17 we set 8 = (a?+1)/2. Show that there is no element x € O for
which the index [Ok : Z[z]] is odd, and that 1, «, 8, (a8 + ()/2 is a Z-basis for O . Compute

a Z-basis for each of the prime ideals lying over 2.

In the following three exercises K denotes a field with a non-archimedean valuation ¢, and

r is a positive real number.

17. For f = >".a; X" € K[X], f # 0, denote the largest and the smallest value of i for which
¢(a;)r" = max; p(a;)r? by I.(f) and s,.(f), respectively.
a. Prove that [, and s, extend to group homomorphisms K (X)* — Z.

b. Suppose that K is algebraically closed, and let f € K[X], f # 0. Prove that the number
of zeroes o of f in K with ¢(a) = r, counted with multiplicities, equals I, (f) — s,(f).

18. Let f = >, a; X" € K[X], f # 0. The Newton polygon of f is defined to be the “lower
convex hull” of the points (i, —log¢(a;)), with ¢ ranging over all non-negative integers for
which a; # 0; more precisely, if C' C R x R is the convex hull of the set of those points, then
the Newton polygon equals {(z,y) € C : there is no (z,y’) € C with ¥’ < y}. The Newton
polygon is the union of finitely many line segments of different slopes.

a. Draw, for each prime number p, the Newton polygon of 3X3 — %XQ + %X +5 € Q[X]
with respect to the p-adic valuation of Q.

b. Prove: if log r occurs as the slope of one of the line segments that constitute the Newton
polygon of f, then l,.(f)—s,(f) (as defined in the previous exercise) is equal to the length
of the projection of that line segment on the z-axis, and otherwise I,-(f) — s,(f) = 0.

Remark. Combining b with part b of the preceding exercise one sees that the valuations of
the zeroes of f (in some algebraic extension of K) can be read from the Newton polygon
of f.

19. Let f € K[X], and suppose that f(0) # 0.

a. Suppose that K is complete with respect to ¢, and that f is irreducible. Prove that the
Newton polygon of f is a single line segment.

b. Suppose that the Newton polygon of f intersects the set Z x (—log p(K™*)) in exactly
two points. Prove that f is irreducible.

c. Prove that 3X3 — gX 2 4 %X + 5 is the product of two irreducible factors in each of
Q2[X] and Q7[X], that it is irreducible in Q3[X], and that it is the product of three
linear factors in Q5[X]. How does it factor in Q[X]?
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4 EXTENSIONS OF COMPLETE FIELDS
We let K C L be a finite extension of a field K that is complete with respect to a non-

archimedean valuation. Then L is complete under the extension valuation, and by Theorems
3.8 and 3.9 we have er/k - fr/x < [L : K], with equality if the valuation is discrete.

If the residue class field extension k& C £ of degree fr,/x is separable, we can canonically
‘lift” it (proposition 4.5) to obtain an intermediate extension

KCT:TL/KCL

such that K C T is unramified of degree fr/x = [¢ : k], with residue class field £. This lifting
property is a direct corollary of Hensel’s lemma, and it gives rise to a canonical extension
by a rigidity property (Corollary 4.4) of separable extensions K C K(«) of complete fields
that follows from Krasner’s lemma 4.1. Roughly speaking, it says that such extensions are
unchanged under ‘small perturbations’ of the irreducible polynomial of a.

In the case of local fields, k is finite and the extension k C /¢ is cyclic with group
generated by the Frobenius automorphism x — z#*. It follows that unramified extensions
of local fields are always cyclic, with Galois group generated by a ‘Frobenius automorphism’
(corollary 4.8) that will play an essential role in class field theory.

The extension T" C L is not so easily described. We restrict to the case of discrete
valuations, where it is totally ramified of degree e = ey k. In the tame case where e is not
divisible by the characteristic char (k), we can write L = T'(/7r) for some uniformizer 7
of T' (Theorem 4.9). If p = char (k) does divide e, we can write e = p” - eg with n = ord,(e)
and obtain a further canonical intermediate extension L; in the tower

KcTcLi=T(¢rr)CL

such that T' C L; is totally and tamely ramified of degree eq, and L; C L totally and wildly
ramified of degree p™.

We always have L = T'(7p) with f7* € Ap[X] an Eisenstein polynomial of degree e
(Theorem 4.11), and this can be used to count the number of totally ramified extensions of
a local field.

» KRASNER'S LEMMA

In the unique case R C C of a non-trivial extension of archimedean complete fields, it is
clear that if we ‘move’ a generator a € C of the extension over a distance at most %]a —af
inside C, then the extension R C R(a) = C is unchanged.

For non-archimedean complete fields K, there is a similar statement that is even slightly
stronger because of the ultrametric inequality. To ease notation, we denote by |- | the unique

extension of the valuation on K to the algebraic closure K from Corollary 3.7.
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4.1. Krasner’s lemma. Let K be a non-archimedean complete field, and o € K an element
that is separable over K. Suppose 3 € K satisfies |3 — a| < |a — /| for every K-conjugate
o/ # o of a. Then K () is contained in K(f3).

Proof. The extension K(8) C K(3, ) is separable, and for every automorphism o of K
over K (), the ultrametric inequality (1.9) yields

o(@) = af = |o(a) = o(B) + 8 — af <max{lo(a) — o (F)],[6 —af} =[5 —al,

as we have o(f) = by assumption and |o(«) — o(8)| = |a — 8] by the uniqueness of the
valuation on K. For o(a) = o/ # « this contradicts our assumption, so o fixes a, proving
that we have a € K(f3), as claimed. O

In the case where (3 in the preceding lemma is known to be in K(a), we have K(a) = K(f),
showing that ‘slightly moving’ « inside K («) does not change the extension. In terms of the
coefficients of the monic irreducible polynomial f% € K[X] of a, we can phrase this in terms
of a ‘neighborhood’ of f%. In order to do so, we define the norm || - || : K[X] — Rs¢ by
| >0, ax X*|| = maxy, |ax| and, for f € K[X] a monic polynomial and £ € R, we set

(4.2) U(f,e) ={g € K[X] monic : deg(f) = deg(g) and ||f — g|| < e}.

4.3. Theorem. Let K be a non-archimedean complete field, and f € K[X] a monic separa-
ble polynomial that factors as f = [[;_,(X —a;) over K. Then there exists e € R such that
every polynomial g € U(f,e) C K[X] factors as g = [[\_,(X — 3i) and K (o) = K(8;) C K
fori=1,2...,n.

Proof. As f is separable, we have 6 = min,; |o; — ;| > 0. For g € U(f,¢), the values g(«;)
and ¢'(a;) will be arbitrarily close to f(a;) = 0 and f'(a;) # 0 if we take ¢ € R sufficiently
small. Thus, we can choose 0 < € < 1 such that for i = 1,2,...,n, every g € U(f,¢) satisfies

l9(i)l/19'(ei)| < min{d, |g' ()]}

By Theorem 2.17, applied to the polynomial g € K(a;)[X] for the approximate root «; of g
satisfying |g(c;)| < |¢'(cw)|?, we see that for i = 1,2,...,n, the polynomial g has a unique
zero f; € K(ay) satisfying |5, — au| < |g(cu)|/|g'(cw)| < d. As the §; are distinct by the
ultrametric inequality and the definition of §, we have ¢ = [\, (X — f;). By Krasner’s
lemma 4.1, we have K(a;) C K(5;), hence K(«o;) = K(5;). O

4.4. Corollary. Let K C L = K(«) be a separable extension of complete fields defined by
f = f& € K[X]. Then all polynomials g € K[X] in a sufficiently small open neighborhood
U(f,e) of f as in 4.2 are irreducible and define the same extension K C L. O
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> UNRAMIFIED EXTENSIONS

A finite extension K C L of a complete non-archimedean field K is said to be unramified if
the residue class field extension k C ¢ is separable of degree f/x = [L : K|. Such extensions
have ramification index ey x = 1 in view of Theorem 3.8. For an extension K C L of local
fields, k is finite and the valuation discrete, so the extension is unramified if and only if it
has e/ = 1.

Unramified extensions of complete fields arise as the canonical lift of their residue class
field extension.

4.5. Proposition. Let K be complete, K C L a finite extension, and suppose that the
residue class field extension k C ¢ is separable. Then there is a unique unramified subexten-
sion K C U({) of K C L with residue class field extension k C {.

Proof. As k C /¢ is finite separable, we can write ¢ = k(Z), with irreducible polynomial
f = f7 separable in k[X]. As T € ( is a simple zero of f, Corollary 2.15 tells us that any
monic polynomial f € Ag[X] with reduction f € k[X] has a unique root z; € L with
reduction T € £. Such f are irreducible in K[X] as the reduction f € k[X] is, so f is the
irreducible polynomial of zy over K. As K C K(x) is a subextension of K C L of degree
deg f = [¢ : k] with separable residue class field extension k C k(Z) = ¢, it is unramified.

As any subextension K C E of K C L with residue class field ¢ contains the roots
z; € L for all lifts f of f by Corollary 2.15, the field U(¢) = K(z;) depends on ¢ but not on
the choice of the lift f, making K C U(¢) the unique unramified subextension of K C L of
degree [ : k. O

We call T' = U(¢) the inertia field (German: Tragheitskorper) of the extension K C L. As
we have er/x = 1, the maximal ideal myg C Ag remains inert in K C T, i.e., it generates
the maximal ideal of the valuation ring in Ap.

The construction of 7' as a primitive extension K (x) in the proof of proposition 4.5
depends more on ¢ than on L. When performed for an arbitrary finite separable extension of
k C ¢, it yields a finite unramified extension K C U(¢) inside a separable closure K% of K
giving rise to that residue class field extension. Taking the union of all these finite unramified

extensions of K inside K*P, we obtain the maximal unramified extension
K C K™ C K°%".

We may describe the functoriality of its construction in categorical terms, viewing the inter-
mediate fields of K C K" as the objects of a category T gun /i and their natural inclusions
as the morphisms, and similarly for the category Tyser/, of separable extensions of £ inside
a seprarable closure k5P.

4.6. Theorem. Let K be complete with residue class field k, and K" a maximal unramified
extension of K. Then the residue class field functor L + ¢ on Tguwr /g maps K" to a
separable closure k5P of k, and induces an equivalence of categories

TKunr/K — Tksep/k.

46



§4: Extensions of complete fields

Proof. The lift U : £ — U(¥¢) in the proof of proposition 4.5 provides the required inverse
functor. O

4.7. Corollary. Let K be complete and L/K a finite unramified extension. Then L/K is
Galois if and only if ¢/k is Galois, and if these extensions are Galois their Galois groups are

isomorphic. ]

We conclude that the maximal unramified extension K" is Galois over K with group
Gal(K"/K) = Gal(k*?/k). In particular, one finds that Gal(K"™/K) = Z when k is
finite. On a finite level, this can be formulated as follows.

4.8. Corollary. Let K be a non-archimedean local field. Then there is for eachn > 1 a
unique unramified extension K, /K of degree n inside K*®. This extension is cyclic, and we
have K = K (() for a root of unity { of order coprime to char k.

Proof. If k is finite of order ¢ = p* with p = char k, the unique extension k,, of degree n of k
is the field of order ¢". By the previous corollary, the corresponding unramified extension K,
of degree n of K is also unique and Galois with group isomorphic to Gal(F . /F,) = Z/nZ.
A generator T of the cyclic group Fy. is a root of unity of order m = ¢" —1, so its irreducible
polynomial f7 is a factor of the cyclotomic polynomial (®,, mod p) € k[X]. As m is coprime
to p = char K, the polynomial ®,, is separable over k£ and we can apply Hensel’s lemma 2.12
to lift f¥ to a factor f of @, in K[X]. As K, is generated over K by a root of f, it follows
that K, = K((,,) for an m-th root of unity ¢,, € K,. O

We have shown that the identity e- f = [L : K] for an extension L of a field K that is complete
with respect to a discrete prime divisor corresponds to a unique subextension K C T' C L
such that T'/K is unramified of degree f and L/T is totally ramified of degree e. We know
how to generate the inertia field T over K, so we are left with the investigation of totally

ramified extensions.

> TAMELY RAMIFIED EXTENSIONS

A finite extension of non-archimedean valued fields is said to be tamely ramified if the
residue class field extension is separable and the ramification index is not divisible by the
characteristic of the residue class field. Note that every finite extension of K is tamely
ramified when chark = 0, and that unramified extensions are always tame. For infinite
algebraic extensions of K the ramification index can be infinite. In that case one says that
the ramification is tame if this is the case for every finite subextension L/K.

Our first result applies to totally ramified extensions that are tamely ramified.

4.9. Theorem. Let K be complete with respect to a discrete prime divisor and L/K a

totally and tamely ramified extension of degree e. Then there exists a prime element w of K

such that L = K (/).
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Proof. Let m;, and mx be prime elements of L and K, respectively. Then 7 generates L
as K(my) C L has ramification index e = [L : K], and we have 7¢ = umg for some unit u
in the valuation ring Ay of L. As L/K is totally ramified, we have ¢ = k, so there exists
v € A% with u = v. The element x = vrg /7$ has residue class T = 1 € £, so we can apply
Hensel’s lemma (as in 2.9) to the polynomial X¢ — z, which has a root 1 € ¢ that is simple
as the derivative eX° = does not vanish outside 0. We find that there exists y € A} such

that y* =z, so L = K(yn) = K(/vTk). O

4.10. Example. The p-th cyclotomic extension Q,((,) is totally ramified of degree p — 1
over Q, and can be written as Q,(¢,) = Q,( »V/—p).

Proof. To see this, one considers the prime element 7, = 1—(, € L = Q,({,) and computes

the residue class of u™' = p/(1 —(,)? ' in { as

14—

p TG 3 <
(1——@1)—1:111—(2: G=p-1)=-1et

—_

Il
o

i

1y

using the identity ¢, = 1 € ¢ and Wilson’s theorem. Thus, one can take v = —1 in the
preceding proof. n

Every finite extension L of a field K that is complete with respect to a discrete prime
divisor has a unique maximal subfield V' C L such that V/K is tamely ramified (exercise 6).
This field obviously contains the inertia field 7. The union of all tamely ramified extensions
of K inside an algebraic closure yields an infinite separable extension K%M > K containing
K" that is known as the maximal tamely ramified extension of K, see exercise 7.

If K C L is a finite extension of non-archimedean valued fields that is not tamely
ramified, then either £ C /¢ is inseparable or the ramification index e satisfies € = 0 € k.
Such extensions are said to be wildly ramified. The structure of these extensions is in general
much more complicated than what we have seen so far. Even in the case where both K C L
and k C ¢ are separable, there can be many non-isomorphic wildly ramified extensions of

the same degree (exercise 15)

> TOTALLY RAMIFIED EXTENSIONS

A general method to look at totally ramified extensions L/K proceeds by studying the
irreducible polynomial of a prime element 7. Such polynomials turn out to be Eisenstein
polynomials in Ay, i.e. monic polynomials of the form """ ;a; X" with ag, a1, ..., a,_1 in the
maximal ideal px C Ax and ag & p%.

4.11. Theorem. Let K be complete with respect to a discrete prime divisor and L/K a
totally ramified extension of degree e. Then L equals K () for every prime element 7, of
L, and fi* is an Eisenstein polynomial in Ax[X]. Conversely, every root of an Eisenstein
polynomial in Ax[X] generates a totally ramified extension of K.
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Proof. If L/K is totally ramified of degree e then K (7 ) has ramification index e = [L : K]
over K, so its degree over K cannot be smaller then [L : K] and we have L = K (mp). If ¢
is the extension of the valuation on K to a normal closure M of L over K, then every root
7 of fi¥ in M has valuation ¢(7) = (7)) < 1, so the same holds for all but the highest
coefficient of f7*, which can be written as sums of products of roots. The constant coefficient
+Np gmp, of fi* generates the maximal ideal in Ag as it has valuation ()%, so fg" is
Fisenstein.

Conversely, every Eisenstein polynomial f € Ag[X] is irreducible, and a root 7 of f
generates a totally ramified extension K (7) of degree e = deg(f) of K by 3.3: the valuation
Y(7) is the e-th root of the valuation of a prime element of K. O

If K is alocal field of characteristic zero, i.e. a finite extension of Q,, the preceding theorem
can be used to show that the number of totally ramified extensions of K of given degree e
is finite. This yields the following finiteness result.

4.12. Theorem. Let p be a prime number and n an integer. Then there are only finitely

many extensions L/Q, of degree n inside a separable closure Q* of Q.

Proof. As the inertia field of L/Q,, is uniquely determined inside Q" by its degree (corol-
lary 4.8), it suffices to show that a every subfield K' C Q* that is of finite degree over Q, only
has finitely many totally ramified extensions L/K of given degree e inside QjP. By theorem
4.11, such extensions are obtained by adjoining the root of a polynomial f = X*¢ —1—25;3 a; X*
with ‘coefficient vector’

V= (Qe_1,0e2,...,a1,a0) € C = pi" x (pr \ Px).

to K. Conversely, every point v € C' corresponds to a separable—here we use e # 0 € K—
polynomial f € A[X], each of whose e roots in K% generates a totally ramified extension
of degree e of K. By Krasner’s lemma 4.1), every point w € C that is sufficiently close to v
gives rise to a polynomial g € A[X] that has the same splitting field as f. As C' is compact, it
follows that the Eisenstein polynomials of degree e in A[X] have only finitely many different
splitting fields in K*°P. It follows that there are only finitely many totally ramified extensions
of degree e of K. m

> DIFFERENT AND DISCRIMINANT

An important invariant to measure the ramification in an extension L/K is given by the
different and the discriminant of the extension. We have already encountered these in the
case of number fields, and the definitions are highly similar.

Let K be complete with respect to a discrete prime divisor. In order to avoid trivialities,
we will assume that L is a finite separable extension of K. The discriminant A(L/K) of a
finite extension L is defined as the Ag-ideal generated by the discriminant

Awr, wy, - -y wy) = det(Trp g (wiw))) 7 =1
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of an integral basis {wy,ws, ..., w,} of Ay over Ag. Such a basis exists by 3.9, and the value
of the discriminant is defined up to the square of a unit in Ag. In particular, A(L/K) C Ag
is well-defined, and it is non-zero because we assume L/K to be separable. The different
®(L/K) is the Ar-ideal with inverse

@(L/K)il = {33' eL: TI'L/K(.Z'AL) C AK}

Exactly as in the global case [ANT, theorem 4.17], we have Ny x(D(L/K)) = A(L/K),
where Ny /i denotes the ideal norm. Moreover, we have ©(M/K) = ©(M/L)D(L/K) for
a tower K C L C M of finite extensions. If A; has an Ag-basis consisting of powers of an
element o € Ay, we know from [ANT, proposition 4.6] that then A(L/K) is generated by the
discriminant A(f) of f = fi. Moreover, the different is then equal to ®(L/K) = f'(a) - AL
[ANT, ex. 4.29]. We can use this to compute the differential exponent ord,, (D(L/K)) of a
complete extension L/K. The result obtained is a refinement of [ANT, theorem 4.17].

4.13. Theorem. Let L be a finite separable extension of a field K that is complete with
respect to a discrete prime divisor, and suppose that the residue class field extension {/k is

separable. Let e be the ramification index of L/ K. Then
ordy, (D(L/K)) =e—1+u

with w = 0 if L/K is tamely ramified and v > 1 if L/K is wildly ramified. We have
u < ordy, (e) whene # 0 € K.

Proof. If L/K is unramified, we can lift any basis of ¢/k to obtain a basis of Ay over Ax
by 3.9, and the discriminant of this basis is a unit as the separability of ¢/k implies that its
reduction in & is non-zero. It follows that A(L/K) = Ax and ©(L/K) = A, for unramified
extensions.

If T is the inertia field of L/K, we have ®(L/K) = ®(L/T) since (T/K) = (1), so
we can further assume that L/K is totally ramified of degree e. Let 7 be a prime element in
Land f=>7 ,a;X" € Ax[X] its irreducible polynomial. Then A, = Ag[n] by 3.9 and we

have
OrdpL (Q(L/K)) - OrdPL(f/<7T)) = OrdPL (Z Z.aﬂriil) - mz-in{OrdpL (Z'aﬂfiil)}'

The final equality follows from 1.10 and the fact that all terms in the sum have different order
at pr. The term with ¢ = e in the last sum has order e—1+ord,, (e) at py,, and all other terms
have order at least e because f is Eisenstein by 4.11. It follows that ord,, (D(L/K)) = e—1if
and only if ordy, (¢) = 0, i.e. if and only if L/K is tamely ramified. If L/K is wildly ramified
we obtain e < ordy, (D(L/K)) < e —1 + ordy, (e). The upper bound is finite only when
e#0€ K. O

Lemma 4.11 does not hold for local fields of positive characteristic when char K divides n,

see exercise 15. However, there is an elegant mass formula due to Serre [11, 1978] that is
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more precise than 4.11 and holds in any characteristic. The statement, which we will not
prove in these notes, is that for S, the set of totally ramified extensions of degree n of K
inside a separable closure K*, there is an identity

(4.14) Z ") =,

LeS,

Here ¢ denotes the cardinality of k£ and d(L) = ord,, (D(L/K)) is the differential exponent
of L/K. If char K = 0 we have a uniform upper bound d(L) < e — 1+ ord,, (e) for all L, so
the number of terms in the sum must be finite. For n divisible by p = char K, the set S, is
always infinite, but we see that the number of fields L with bounded differential exponent
must be finite. This immediately implies a local counterpart to Hermite’s theorem [ANT,

5.12], see exercise 16.

EXERCISES.

1. Let K be a complete non-archimedean field and K its algebraic closure. Show that the residue
class field of k of K is an algebraic closure of k.

2. For K be a field and n > 1, we define the coefficient map ® : K™ — K™ by sending (z;)],
to the vector (o;)" ;, defined by [[l (X — ;) = X" + Y1 ,(—1)"0; X%, Show that ¢ is a

polynomial map, and that the determinant of its Jacobian equals

det(@@l/aX]) = H(XZ — X])
i#]
3. Let K be a field with non-archimedean valuation ¢ and f € A4[X] a polynomial that is
separable over the residue class field k. Show that every extension of ¢ to the splitting field
of f is unramified over ¢.

4. Let M be a valued field with subfields £ and L, and suppose that L is finite over some field
K C LN E. Show that FL/FE is unramified if L/K is unramified.

5. (Abhyankar’s lemma) Suppose that ¢ is a discrete valuation on a field K and let L and F
be two extensions of K that are contained in some finite extension M = LE of K. Let ¢ be
an extension of ¢ to M and 7, and ¥ g the restrictions of ¥ to L and E. Suppose that ¢, /¢
is tamely ramified and that e(¢r/¢) divides e()g/¢). Prove that 1 is unramified over ¢ g.

6. Let K be complete with respect to a discrete prime divisor. Show that every tamely ramified
extension of K is separable, and that a compositum of two tamely ramified extensions inside
K*°P i again tamely ramified. Deduce that for every finite extension L/K there is a unique
maximal subfield V' C L that is tamely ramified over K. If ey is the largest divisor of the
ramification index of L/K that is coprime to chark, show that V' = T( %/7) with T the
inertia field of L/K and 7 a prime element of 7. What can you say about [L : V]?

7. Let K be as in the previous exercise. Show that there exists a maximal tamely ramified
extension K'*™M¢/K inside K*P. Show also that K*™ is Galois over K" and that we have

if char k = 0;

Z
Gal( {;(tame/ K'unr) o ~
Z/Z, if chark=p>0.
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8.

10.

11.

12.

13.

14.
15.

16.
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Show that a compositum of two totally ramified extensions need not be totally ramified.
Deduce that there is not in general a unique maximal totally ramified extension K™™ C K?¢
of a complete field K.

. Let L/K and eg be as in exercise 6 and suppose that #k = ¢ < co. Show that V/K is abelian

if and only if ey divides g — 1.
[Hint: if V/K is abelian, there is a primitive eg-th root of unity (, = 7( 9/7)/( ¢/7) in T
that is invariant under Gal(V/K).]

Show that the maximal tamely ramified abelian extension M of the field K in the previous
exercise is cyclic of degree ¢ — 1 over K" and that Gal(M/K) = (Z/(q — 1)Z) x Z.

Show that K = U,>;C((X'/")) is an algebraically closed field. Show also that K is not
complete with respect to the extension valuation of C((X)), and that the completion €2 of
K consists of Laurent series ) . a; X™ with coefficients a; € C and exponents n; € Q that
satisfy lim; n; = +o00. Is ) algebraically closed?

Show that the algebraic closure of Q,, is not complete under the p-adic valuation, and let C,
be its completion. Show that C, is algebraically closed. Compute the transcendence degree
of C,/Q, and deduce that C, is isomorphic to the field of complex numbers (as a field, not
as a topological field!).

Let L/K be an extension of local fields of degree n and residue class degree f. Show that we
have ordy, (A(L/K)) > n — f with equality if and only if L/K is tamely ramified.

Verify Serre’s formula 4.14 for n coprime to char k.

For K = F,((T)) and n > 1, let K,, be the extension obtained by adjoining a root of the
polynomial f = XP +T"X 4 T. Show that K, is a totally ramified separable extension of
degree p of the local field K, and that K, and K, are not isomorphic over K when m # n.

Deduce from Serre’s formula that up to isomorphism, the number of extensions of a local

field of given discriminant is finite.



5 (GALOIS THEORY OF VALUED FIELDS

We have seen in the previous section that every finite extension L of a field K that is complete
with respect to a discrete prime divisor gives rise to two subfields 7" C V' C L of L that
are separable over K. In this section we will describe the Galois correspondence for such
fields. We will assume in this section that both K C L and the residue class field extension
k C ¢ are separable. There is always a maximal subextension K C L, C L for which these
assumptions are satisfied, and in most cases that occur in practice one has L, = L. Having
dealt with the case of complete extensions, we will pass to the global case and discuss the

relation between local and global Galois groups.

» INERTIA SUBGROUP

Assume that K is complete with respect to a discrete prime divisor and that L/K is a finite

Galois extension for which k& C £ is separable.

5.1. Proposition. The residue class field extension k C ¢ is Galois and the natural map
p:Gal(L/K) — Gal(¢/k) is surjective. The invariant field L*"? is the inertia field of L/K.

Proof. Every element o € Gal(L/K) induces an automorphism & € Auty(¢), so we have a
natural image G of G = Gal(L/K) in Aut,(¢). We will prove that k C ¢ is Galois and that
p is surjective by showing that k£ equals the invariant field (.

We clearly have k C €€, so let T € (C have representative z € Aj. If k has characteristic
zero, another representative is given by

1
[L: K]

Za(:p) clf =K

oeG

and we are done. For chark = p > 0 we let S be a p-Sylow subgroup of G and I' C G a
system of left coset representatives of S in G. As every conjugate of x has image ¥ in /, the

ﬁZU(HT(l’)) eIl =K

ocel TES

element

has image 7#° € k. As #S is a p-power and k C ¢ is separable, this implies T € k, as was to
be shown.

Let T be the invariant field L**#. Then we have [T' : K] = [¢ : k]. The natural map
ker p = Gal(L/T) — Gal(¢/t) is the zero map but, as we have just shown, it is also surjective.
We therefore have ¢ = ¢, and the equality [T : K| = [t : k] shows that 7'/ K is unramified. It
follows from 4.1 that T is the inertia field of L/K. O

The kernel of the map in the proposition is the inertia group I C Gal(L/K) of the extension
L/K. Its order is equal to the ramification index of L/K, so I is the trivial subgroup if and
only if L/K is unramified. In that case 5.1 reduces to the statement in 4.3.
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» RAMIFICATION GROUPS

Let p; = mpAp be the maximal ideal in Ap. Then we define the i-th ramification group
G; C G=Gal(L/K) of L/K as

Gi={0€G:¥(x—o(x)) <y(r) for all z € Ay}
= ker[G — Aut(Az/pt™)].

The definition shows that all G; are normal subgroups of G. As every ¢ # idy, is not in G;
for i sufficiently large, we have G; = {1} for large i. We formally have G_; = G, and for
t = 0 we find that Go = I is the inertia group of 1. The sequence

G:G_lDI:GQDGlDGQD...

of subgroups corresponds to an sequence of fields V; = L% that are known for ¢ > 1 as the
ramification fields of L/K. We will show in 5.4 that the first ramification field V' =V} is the
ramification field constructed in exercise 4.4.

5.2. Theorem. Let m; be a prime element of L and write Uéo) = A} and Uéi) =1+ p’ for
t > 1. Then the map . ‘
Xi: Gy — UY Uty
or— o(rp)/mp

is for each © > 0 a homomorphism with kernel G; 1 that does not depend on the choice of

the prime element my,.

Proof. Let us check first that x; does not depend on the choice of 7. If u € A} is a unit,
then we have o(u)/u € U S“) for 0 € G; and consequently
o(ury) o(u) o(ry) o(mp)

=— = e U Uiy,
urTy, u T T L / L

For 0,7 € GG; we conclude from this that we have

w(or) = ) D) T o),

so x; is a homomorphism. In order to prove that kery; = G,,1, it suffices show that for
o € G an element of the inertia group and 7 > 1, we have

0 €G> o(ny) — 7y €pit <= o(m) /7L € 1+p,.

For the last two conditions the equivalence is clear. The middle condition is obviously neces-
sary to have o € G, and for its sufficiency we write Ay, = Ar[r;]| and remark that an element
=Y, apmh € Ap[ry] satisfies o(z) —z =, ax(o(mp)* — ) € p since o(a) = ar, € T

for o € Gy and o(7F) — 7% is divisible by o (7)) — 7, for all k. O
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5.3. Corollary. The group Go/G1 is cyclic of order coprime to chark. If G is abelian, there
is a canonical embedding xo : Go/G1 — k*.

Proof. The isomorphism U,go)/U](;l) = ¢* and 5.2 give us an injection xq : Go/G1 — (%,
so Go/G is a finite subgroup of the unit group of a field and therefore cyclic. Its order is
coprime to charK as there are no p-th roots of unity in a field of characteristic p > 0.

If G is abelian, we have o(xo(7)) = (o7)(7r)/o(7) = (ro)(7)/o(mL) = xo(T) for
o € G and T € Gy, so the image of yq is in (£*)¢ = k*. O

5.4. Corollary. The group G is trivial for chark = 0 and a p-group for chark = p > 0. The
first ramification field V; = L is the largest subfield of L that is tamely ramified over K.

Proof. For i > 1 we have an isomorphism U\’ /U™ 5 ¢ that sends 1 + an! to a. If
chark = 0 there are no elements of finite additive order in ¢, so G;/G;+1 = 0 for all 1 > 1
and therefore G; = 0. For chark = p > 0 all non-zero elements of ¢ have additive order p, so
each quotient G;/G;y1 is an elementary abelian p-group. It follows that G; is a p-group. In
this case, the corresponding field V' = L is totally ramified of degree #(Go/G1) coprime
to p over the inertia field T, whereas L/V is totally ramified of p-power degree. We conclude
that V' is the maximal tamely ramified subfield. For charK = 0 this is trivially true since
V=L O

5.5. Example. Consider for p prime the cyclotomic extension L = Q,((,) of K = Q,
occurring in example 4.6. This is a Galois extension with group G = (Z/pZ)* if we identify
t mod p with the automorphism oy : ¢, — C;. The extension is totally and tamely ramified,
so we have Gy = G and G; = 0. Taking 7, = 1 — (,, we see that the homomorphism
Xo : Go — £ = F, maps o, to the residue class

o) _ L - C;
Uy 1 Cp

so it is in this case an isomorphism.

=1+G+C+... +¢  =ted,

More generally, we can consider L = Q,,((,») over K = Q,, which is abelian with group
G = (Z/p*Z)*. This is a totally ramified extension, so again Gy = G. The argument above,
when applied for the prime element 77, = 1 — (, yields

Gi={o;:t=1mod p'} = (1 +p') C (Z/p"Z)*

for all ¢ > 1. In particular, all injections x; : G;/Gii1 — U?/USH) = F, are isomorphisms
for this extension.
» DECOMPOSITION GROUP

We now consider the case of an arbitrary finite field extension. If ¢ is a valuation on K
and ¢ an extension of ¢ to a finite Galois extension L of K, then the completion L is
the compositum of its subfields L and K. Standard Galois theory tells us that L,/K, is
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a finite Galois extension, with Gy = Gal(L,/K,) isomorphic to the subgroup of Gal(L/K)
corresponding to the subfield L N K.

Ly @,
L K,
LNK,

K

By the uniqueness of the extension valuation in the complete extension L, /K,, we have
Y(o(x)) = ¢(x) for x € Ly and o € Gy. If we view Gy, as a subgroup of Gal(L/K), we can
write

Gy ={0 € Gal(L/K) : Y(o(z)) = ¢(x) for all x € L}

since every element of the right hand side extends uniquely by continuity to an automorphism
of Ly over K,. This subgroup is known as the decomposition group of ¢ in L/K, and the
corresponding invariant subfield L¢¥ is the decomposition field of ¢ in L/K.

We define a left action of G = Gal(L/K) on the finite set X = {¢|¢} of extensions of
¢ to L by setting

(o) (x) = (o (z)) for x € L.

If v is non-archimedean with valuation ring A, and maximal ideal q,, the valuation o has
valuation ring o[Ay| and maximal ideal o[qy). Thus, for a number field L the G-action on
the finite primes of L is ‘the same’ as the natural G-action on the corresponding prime ideals
in the ring of integers of L that was studied in [I, §8]. In the case of an arbitrary valuation ¢

on a field K, the theorem given there can be generalized in the following way for the action
of G = Gal(L/K)

5.6. Proposition. Let L/K be a finite Galois extension with group G and X the set of
extensions of a valuation ¢ on K to L. Then G acts transitively on X, and the stabilizer
Gy C G of Y € X is the decomposition group of 1 in L/K. All decomposition groups G, of
1 € X are conjugate in G.

Proof. Suppose that there exist extensions 1,1, € X that lie in different G-orbits. Then
the orbits Gy; = {o); : 0 € G} are disjoint for ¢ = 1,2, so the approximation theorem
implies that there exists x € L with ¢(x) < 1 for ¢ € Gy and (z) > 1 for ¢ € Gib,. The
product [[, o (0v;)(x) = 1;(Np/k(x)) is then smaller than 1 for # = 1 and greater than 1 for
i = 2. This contradicts the fact that 1, and v, coincide on Ny k(r) € K, so there cannot
be two distinct G-orbits and G acts transitively on X.

We have already seen above that the decomposition group Gy is the stabilizer of 1 in
G, and in view of the transitivity the general identity G,y = 0G0~ ! for stabilizers shows
that all decomposition groups of ¢/ € X are conjugate in G. [

5.7. Corollary. For a normal extension L /K, the completions Ly, for 1|¢ are all isomorphic
over K,. In particular, the ramification indices e = e(¢/¢) and the residue class degrees
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f = f(¥/¢) do not depend on the choice of 1, and one has [L : K| = efg with g the number

of different extensions of ¢ to L.

Proof. If 1y = oy for 0 € Gal(L/K), then o induces an isomorphism L,, —> Ly, on
the completions that is the identity on K. The final formula follows from 3.10 and the
convention for archimedean ¢ following it. ]

If the extension L/K in 4.1 is abelian, all decomposition groups Gy for ¢ € X coincide. In
that case, we can speak of the decomposition group G of ¢ in L/K.

5.8. Theorem. Let L/K be a finite Galois extension and Z, the decomposition field of a
valuation 1 on L that is either archimedean or discrete and has restriction ¢ on K. Then
Zy/K is the largest subextension E/K of L/K for which

e(le/¢) = f(W]e/0) = 1.

Proof. By construction, Z, is the largest subfield of L that is contained in K,, and a
subfield £ D K of L is contained in K, if and only if its completion, which has degree
e(V|r/P)f(Y|g/¢) over Ky by 3.10, is equal to K. The theorem follows. O

> (GALOIS THEORY FOR GLOBAL FIELDS

We will further suppose that L/K is a finite Galois extension with group G and ¢ and ¢
correspond to discrete prime divisors q and p for which the residue class field extension k C /¢
is separable. In the case of an extension of number fields, one may think of q and p as ideals in
the respective rings of integers. We see from 5.7 that the decomposition field Z, of q in L/K
is the largest subfield E for which qg = qN E satisfies e(qg/p) = f(qe/p) =1. f L/K isin
addition abelian, Z; = Z, is the largest subextension in which the prime p splits completely.
This explains the name ‘decomposition field’. Note that everything remains correct for infinite
primes if we call an infinite prime p : K — C ‘totally split’ in L if all its extensions q to L
have [Lq : Ky] = e(q/p) f(a/p) = 1.

By definition of the decomposition field Z, of a prime q in L/ K, there is an identification
of Galois groups

Gal(L,/K,) — G, = Gal(L/Z,)

that is obtained by restriction of the automorphisms of L,/ K, to L. We can apply our theory
for complete Galois extensions to Lq/K,, so the inertia and ramification fields of Ly/K, can

be intersected with L to produce a sequence of fields
Kcz,cT,cVsCL
corresponding to subgroups

GDOGyDIj=Ge0D Ry =Gq1 D {1}

57



§5: Galois theory of valued fields

of G. Here T is the inertia field of q in L/K, it corresponds to the inertia group I; =
Gal(Lq/Ky)o of g in G. It is the largest subfield of L for which the restriction of q is unramified
over K. The (first) ramification field V; of q in L/K corresponds to the (first) ramification
group R, = Gal(Ly/K,); of qin L/K. It is the largest subfield of L for which the restriction
of q is tamely ramified over K. The groups I; and R, are normal in G4, but not necessarily
in GG. More precisely, one has

-1 _ -1 _ -1 _
0G0 = Gy olyo" = Iy oRy0™ = R,y

for o in G. In particular, we see that for abelian extensions, the decomposition, inertia and
ramification group depend only on the prime of the base field K, not on the choice of the

extension prime.

» NON-NORMAL EXTENSIONS

If L/K is a finite separable extension of discretely valued fields for which the residue class
field extension is separable, we can obtain the decomposition, inertia and ramification fields
of a prime q in L/K by extending q to a normal closure M of L over K and form the
intersection of L with the decomposition, inertia and ramification fields of this extension
in M/K. Conversely, knowledge of these fields in L/K can be helpful to determine the
corresponding fields in M/K.

5.9. Example. The number field K = Q(«a) with a = 17 we considered after 3.9 is not
normal over Q. Its normal closure M = K(i) is obtained by adjoining i = /—1 to K.
This is a Galois extension of Q with group Dy, the dihedral group of 8 elements. We have
seen that the prime 2 factors as 20k = pqr? in this field, so we have Z, = T, = K and
Z. = T, = Q(+v/17). In the normal closure M/Q, there are at least 3 primes over 2, and
they are all ramified over Q by 5.6. The formula efg = 8 shows that there are 4 primes over
2 with e = 2 and f = 1. In particular, the primes p and q are ramified in the quadratic
extension M /K and t splits completely in M/K to yield a factorisation 20,; = PB?Q?R2NR3.
The decomposition fields of B|p and Q|q in M/Q are equal to K, whereas the primes R;|¢
have the conjugate field Q(ic) as their decomposition field. Note that indeed Z, = Zy, N K.

It is clear from what we said above that the splitting behaviour of a prime in a finite extension
is determined by the decomposition and inertia groups of the primes that lie over it in a
normal closure. Conversely, the knowledge of the splitting behaviour of a few primes can be
used to determine the Galois group of the normal closure of an extension. More precisely, we
have the following relation between the action of decomposition and inertia groups on the
one hand and the factorization of a non-archimedean prime on the other hand. All residue
class field extensions are supposed to be separable.

5.10. Theorem. Let L/K be a finite separable extension, M the normal closure of L over
K and p a discrete prime divisor on K. Set G = Gal(M/K) and H = Gal(M/L) C G, and
let G act in the natural way on the set ) of left cosets of H in GG. Suppose we are given
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integers e;, f; > 0 fori = 1,2,...,t such that 3_¢_, e;fi = [L : K]. Then the following two
statements are equivalent.

(1) the prime p hast distinct extensions (1, a2, - . . , q; to L with ramification indices e(q;/p) =

e; and residue class field degrees f(q;/p) = fi;

(2) for every decomposition group Gy C G of a prime 3 above p in M /K, there are t different
Gy-orbits Q; C €2 of length #$; = e; f;. Under the action of the inertia group Iy C Gy on
Q;, there are f; orbits of length e; each.

Proof. Let B be a prime over p in M with restriction q to L, and write Qy for the Gig-orbit
of the coset H € Q. The length of this orbit is [Gy : Gy N H], and this is equal to the degree
Ly : Ky] =e(q/p)f(q/p) since we have a tower of complete extensions

MngLqDKp

in which Gal(My/K,) = Gg contains a subgroup Hy = H N Gy corresponding to L. An

arbitrary Gg-orbit in €2, say of the residue class gH, can be written as
Gy -gH =g -Gyl = g-Qp19,

so the length of such an orbit equals e(q'/p) f(q'/p) with g’ the restriction of g~ to L. We
do obtain a bijection between extensions of p to L and Gg-orbits in {2

GIPNL=g,"BNL<=3he€H: hgy"B=g,"B<=3heH:ghg'ecqGy
< JdhecH:Gp-gph=Gy- 91 <= Gy -gH =Gy - g1 H.

The inertia group Iy of P is a normal subgroup of G, so all I,-orbits inside a single G-
orbit have the same length. Inside the orbit gy this length is equal to the group index
Iy : Iy N H] = [Iy : Iy N Hy| = [IpyHy : Hyl. In the extension My /Ky, this corresponds
to the subextension Ly/T;, with Tj the inertia field of q in L,/K,. It follows that the length
of the Igp-orbits in Qg is [Lq : Ty] = e(q/p) as asserted. The identity Iy - gH = g - I;-1p0H
now shows that the length of the Iy-orbits in the Gg-orbit corresponding to a prime q’ of L
equals e(q'/p). O

The preceding theorem remains correct for infinite primes p : K — C of K if we choose
appropriate conventions for these primes. For an extension L,/K, of archimedean complete
fields we defined f(q/p) = 1 and e(q/p) = [L4 : K], so it makes sense to take the inertia
group I of an infinite prime in a Galois extension equal to the decomposition group. With
this convention, the two assertions in (2) of theorem 5.8 coincide for infinite primes and the
theorem holds unchanged.
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> FROBENIUS AUTOMORPHISM, ARTIN SYMBOL

If L/K is a Galois extension of local fields and q a finite prime divisor of L extending p, we
have by 5.1 a group isomorphism

G,/1, — Gal(F,/F,)

between a factor group of G, and the Galois group of the residue class extension ¢/k =
Fy/F, at q|p. As the residue class fields for primes of local fields are finite, the Galois
group Gal(F,/F}) is cyclic with a canonical generator, the Frobenius automorphism o, that
raises every element of Fy to the power #F;. If q|p is unramified, we have an inclusion
Gq/1; = G4 C Gal(L/K), so there exists a Frobenius element o4 at q in Gal(L/K). This is
the Frobenius symbol [q, L/K] of q in the Galois group of L/K. It is a well defined element
of the Galois group if q is unramified over p = q N K. For ramified q it can only be defined
as a coset of [, in Gal(L/K).

If q is infinite, there is no analogue of the Frobenius automorphism and we have set
G4 = I;. However, it is often convenient to take the Frobenius symbol for such primes to
be equal to the generator of the decomposition group Gy. This is a group of order at most
two, and the Frobenius at q is only different from the unit element in Gal(L/K) when q is
complex and p = q|x is real. In this situation, [q, L/K] is the complex conjugation on L
induced by the embedding q : K — C.

It is immediate from the definition that the Frobenius symbol satisfies

[0q,L/K] =0olq,L/K]oc™"'  for ¢ € Gal(L/K).

In particular, this shows that the Frobenius symbol of q in an abelian extension L/K depends
only on the restriction p = qN K. In that case the symbol is called the Artin symbol of p in
Gal(L/K). It is denoted by (p, L/K). It is of fundamental importance in describing abelian
extensions of number fields. For a few formal properties of Frobenius and Artin symbols we
refer to exercise 13.

EXERCISES.

1. Show that every Galois extension of a local field is solvable.

2. Let L be a Galois extension of a non-archimedean local field K. Show that the valuation of
the different ©(L/K) is given by the formula

ordy, (D(L/K)) = Y32 (#Gs — 1).

Deduce that ord,, (9(L/K)) = e — 1 if and only if L/K is tamely ramified.
[Hint: look at f'(7z) for f = f7*]

3. Determine all ramification groups for the cyclotomic extension Q,((,x)/Q,. Deduce that
ordy (D(Qp(Gyr)/Qp)) = kp* — (ki + 1)p* .
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Determine the decomposition, inertia and ramification fields of the primes over 3, 5, 17 and
149 in the splitting field of X4 — 17 over Q. What are the decomposition fields of the infinite
primes?

Let p be an odd prime number and n = pFm an integer with p { m. Show that the decompo-
sition, inertia and ramification groups and fields of p for the cyclotomic extension Q(¢,)/Q

with group G = Gal(Q((,)/Q) =2 (Z/p*Z)* x (Z/mZ)* are given by the following table.

Deduce that the Artin symbol of p in G /I, = (Z/mZ)* is the residue class p mod m. What
does the table look like for p = 27

Determine the decomposition and inertia fields of all primes p < 20 in the cylotomic extension
Q(¢20)/Q. Do all subfields occur as a decomposition field of some p?

Let K = Q(v/—b5) and write i« = /—1. Show that the extension K C K (i) is unramified at
all primes, and that there is an isomorphism

Clg — Gal(K(i)/K)

that sends the class of a prime p C Ok in Clg to the Artin symbol of p in Gal(K(i)/K).

Let K be a field that is complete with respect to a discrete valuation with a perfect residue
class field. Let L/K be a finite Galois extension with Galois group G and ramification
groups G;. Let H C G be a subgroup, and E = L¥ the corresponding subfield.

a. Prove that the i-th ramification group of the extension L/FE equals G; N H for every
1> 0.

b. Suppose that E is Galois over K, with Galois group I' (=2 G/H). Prove that the images of
G and G under the natural map G — I are the inertia group and the first ramification
group of F/K, respectively. Show by an example that the corresponding statement for
higher ramification groups is not in general true.

Let L = Q5(v/50), and let E be the maximal unramified subextension of Q5 C L. Exhibit a
prime element wg of the valuation ring of E such that L = E(,/7g). Can mg be chosen to
lie in Q57

Let f € Z[X] be a monic separable polynomial of degree n and G the Galois group of
the splitting field Q of f over Q. View G as a subgroup of the symmetric group S, via
the action of G on the n roots of f in €. Let p be a prime number that does not divide
the discriminant A(f) of f, and suppose that f mod p factors in F,[X] as a product of
t irreducible factors of degree mni,no,...,ns. Show that GG contains a product of ¢ disjoint
cycles of length ny,na, ..., ns.

[This is a very effective criterion in computing G.]

Let K be a local field of characteristic p > 0 and L/K a finite separable extension. Show
that ordy, (D(L/K)) # —1 mod p.
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13.

14.

15.

Let K C L C M be extensions of number fields and pjs a prime of M with restrictions pr,
and pg. If L/K and M/K are Galois and pps/px is unramified, show that the Frobenius
symbols satisfy

[par, M/K]|L = [pr, L/K].

Similarly, for E/K any finite extension and pgy, an extension of py to EL, show that
e, EL/E]|L = [pL, L/K]f(PE/PK)

for L/K Galois and pr,/px unramified. Are there analogues for infinite primes? What are
the resulting relations for the Artin symbols if M/K and L/K are assumed to be abelian?

In the next two exercises we let M /K be a Galois extension of number fields with group G
and L = M C M the invariant field of a subgroup H of G. We let t be a prime of M with
restrictions q in L and p in K.

Suppose that G is isomorphic to the symmetric group S5 of order 120, that G, has order 6,
and that I, has order 2.

a. Prove that, if the identification of G with S5 is suitably chosen, G, is generated by the
permutation (12 3)(45) and I by (45).

b. Suppose that [L : K] = 5. How many extensions ¢’ does p have to L, and what are the
numbers e(q’/p) and f(q'/p)?

c. Suppose that [L : K] = 15. How many extensions q’ does p have to L, and what are the

numbers e(q’/p) and f(q'/p)?

Suppose that G is isomorphic to the symmetric group S4 of order 24, and that ¢ is the only
prime of M extending p.

a. Prove that p is 2-adic, in the sense that the restriction of p to Q is the 2-adic prime
of Q, and determine G, and I, as subgroups of Sj.
b. Suppose that H is cyclic of order 4. Determine e(t/q), f(t/q), e(q/p), and f(q/p).



6 THE KRONECKER-WEBER THEOREM

If K is any field and n € Zs; an integer not divisible by char (K), the n-th cyclotomic
extension K, of K is the splitting field of the separable polynomial X™ — 1 € K[X] over K.
We have K,, = K((,) for any primitive n-root of unity (, € K,, and ¢ € Gal(K,/K) is
determined by the value o(¢,,) = ¢*. More precisely, we have an injection of abelian groups

oy, Gal(K(¢,)/K) — (Z/nZ)*

sending oy, : ¢, = C* to (k mod n). For K = Q this is an isomorphism, by the irreducibility
in Z[X] of the n-th cyclotomic polynomial

o, = ] (xX-¢h)ezx]
ke(Z/nZ)*
A finite abelian extension K C L is said to be cyclotomic if it allows a K-embedding L C K,
for some n € Z>;. Clearly, all cyclotomic extensions are abelian. For K = Q, there are no
other abelian extensions.

6.1. Kronecker-Weber theorem. Every finite abelian extension Q C L is cyclotomic.

The theorem was stated by Kronecker in 1853, but his proof was incomplete. A second proof
was given by Weber in 1886. In 1896 Hilbert used what is essentially the theory of Section 5
to give the first complete proof. All proofs show that, after ‘twisting’ by suitable cyclotomic
extensions, an abelian extension of Q becomes unramified over Q at all finite primes, and
therefore of discriminant 1, and equal to Q.

The smallest positive integer n for which an abelian extension Q C L can be embedded
in Q((,) is the conductor of L.

» (GLOBAL AND LOCAL VERSION

The Kronecker-Weber theorem accounts for the fact that abelian number fields, as the ex-
tensions in the theorem are called, are in many respects more manageable than arbitrary
number fields. The theorem can be derived from the same result for the local fields Q,, which
is also of independent interest. Note that the local result is also correct for the archimedean

completion Q,, = R, albeit in a somewhat uninteresting way.

6.2. Local Kronecker-Weber theorem. Every finite abelian extension Q, C L is cyclo-

tomic.
Before we prove this result, we show first how it implies the global theorem.

Proof that 6.2 implies 6.1. Let Q C L be finite abelian. Any completion L, of L at a prime
p|p is then abelian over Q,, and determined up to Q,-isomorphism by p and L. By assump-

tion, there exists n, = p* -m,, with p { m,, such that L, is contained in Q,((,,). This implies

that the ramification index e(p/p) of p in L/Q does not exceed [Q,(Cn,) : Qp(Gm,)] = ¢(0*).
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We claim that L is a subfield of the n-th cyclotomic field Q(¢n) for n = [], 4, pkr.
To see this, we look at L((,), which is abelian over Q with group G' = Gal(L((,)/Q) and
ramified over Q at exactly the same rational primes as L.

The ramification index of a prime p|Az in L((,) equals ¢(p*r), as the completion of
L((,) at a prime over p is obtained by adjoining a p*-th root of unity to an unramified
extension of Q,. As G is abelian, the subgroup I C G generated by the inertia groups
I,, C G of the primes p|Aj has order at most

[T #5 =[] ¢(*) = 6(n).

plAL plAL

By construction of I, every prime that ramifies in L(¢,)/Q is unramified in L(¢,)!/Q. It
follows that L(¢,)!/Q is unramified at all finite primes, so by Minkowski’s theorem [I, 9.11],
we have L((,)! = Q and I = G. The inequality

[L(Gn) : Q] = #G = #1 < ¢(n) = [Q(Cx) : Q]
now shows that we have L C L((,) = Q((,), as claimed. H

» KUMMER THEORY

Abelian extensions K C L admit an explicit description as radical extensions in cases were
the ground field K contains ‘sufficiently many’ roots of unity. More precisely, we can charac-
terize all abelian extensions K C L satistying Gal(L/K)" = 1 for n € Z~; (i.e., the abelian
extensions of ezponent dividing n) in this way when K contains a primitive n-th root of

unity.

6.3. Theorem. Let K be a field containing a primitive n-th root of unity ¢,, withn € Z>,.
Then there is a bijection

{KCLCK:Gal(L/K)"=1} S {K™cWcK*}
L — L"NK*
K(VW) «+ W
between abelian extensions K C L of exponent dividing n inside an algebraic closure K and
subgroups W C K* containing K*". If K C L corresponds to W, there is a perfect pairing
Gal(L/K) x W/K*™ — ((,)

o(Yw)
o

(o,w) — (0, W)k =
that identifies Gal(L/K) with Hom(W/K*",((,)), so we have
LK) =W K]
in the case of finite extensions.
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The Kummer pairing in Theorem 6.3 is canonical in the sense that for every automorphism 7

of the algebraic closure of K, we have

(a,w)E/K = (to77 1, 7(W))n 7 (K-

In the case n = p = char (K'), when no p-th roots of unity exist in K, there is an analog of

Theorem 6.3 known as Artin-Schreier theory, see exercise 1.

» PROOF OF THEOREM 6.2

We assume p # oo, as the only non-trivial extension of Q. = R is C = R((,), where we
can take for n any integer exceeding 2.

As every finite abelian group is a product of cyclic groups of prime power order, every
abelian extension L/K is a compositum of cyclic extensions L;/K of prime power order. It
is therefore sufficient to prove that any cyclic extension Q, C L of degree ¢", with ¢ prime,
is cyclotomic. We distinguish three cases, and start with the easiest case.

6.4. Tame case. A cyclic extension L/Q, of order ¢" with q # p prime is cyclotomic.

Proof. The extension L/Q, is tamely ramified as the ramification index e is a power of
q # p- By 5.3 and 5.4, the inertia group of L/Q, injects into F}, so its order e divides p — 1.
Applying Abhyankar’s lemma (exercise 4.5) to L/Q,, and the extension Q,(¢,)/Q, from 4.10,
we see that Q,(¢,) C L((,) is an unramified extension. By 4.8, we have L((,) = Q,((, ()
for some root of unity ¢, so L C Q,((p,() is cyclotomic. This settles the tame case. O]

6.5. Wild case for p # 2. A cyclic extension of Q,, of order p" is cyclotomic when p is odd.

If p is odd, there are two independent cyclic cyclotomic extensions of degree p” for each
n > 1: the unramified extension of degree p™ and the totally ramified subfield of degree p"
of Qp(¢yn+1). Let E be the compositum of these two extensions. We have to show that every
cyclic extension L/Q, of degree p™ is contained in E. If LE were strictly larger than E, the
Galois group G = Gal(LE/Q,) would be an abelian group that is annihilated by p" and has
order exceeding p?*. Then G/GP would be an elementary abelian p-group on more than 2
generators, so there would be at least 3 linearly independent cyclic extensions of degree p of
Q,. After adjoining a p-th root of unity (, to them, they would still be linearly independent
over K = Q,((,) as [K : Q,] = p — 1 is coprime to p. This contradicts the following lemma,
which describes explicitly the maximal abelian extension L of Q, that is of exponent p over

Q,(¢,) and shows that [L : Q,((y)] = p*.

6.6. Lemma. The maximal abelian extension of exponent p of K = Q,((,) that is abelian
over Q, equals K(\/W) for the subgroup W C K* satisfying

W/K™ = (¢,) x (1 +7").

Here 7 denotes the prime element 1 — (, € K. The extension K C K(3/(,) = K((z) is
totally ramified and the extension K C K (/1 + 7P) is unramified.
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Proof. *** O

We are left with the final case to be proved.
6.7. Wild case for p = 2. A cyclic 2-power extension of Qs is cyclotomic.

In this case the proof we just gave for odd p has to be modified as the totally ramified
cyclotomic extension Q((yx) for k£ > 2 is not cyclic but a product of two cyclic groups of
order 2 and 2%2. It is possible to adapt lemma 6.5 to this case (exercise 6), but there is also
the following ad hoc argument.

We want to show again that every cyclic extension L of Qs of degree 2" is contained
in the compositum F of Qa((on+2) and the unramified extension of degree 2". For n = 1
this is done by direct inspection: the maximal abelian extension of exponent 2 of Qs is the
cyclotomic field Qa(v/—1,v/5,v2) = Qa(Ca4). It has Galois group (Z/2Z). For n > 1 we
have to show that the Galois group G = Gal(LE/Qy) cannot be greater than Gal(E/Q) =
Z/27 x (Z/2"Z)*. We know already by the case n = 1 that G/G* = (Z/2Z)3, so G can
be generated by 3 elements. In order to conclude that we have G = Z/27Z x (Z/2"Z)?, it
suffices to show that G/G* cannot be isomorphic to (Z/4Z)3. If this were the case, every
quadratic extension of Q2 would be contained in some cyclic extension M/Qs of degree 4.
This contradicts the following lemma, which is a simple application of Galois theory,and
concludes the proof of Theorem 6.2. O

6.8. Lemma. Lemma. There is no cyclic quartic extension M/Qy with /—1 € M.
Proof. If M contains i = v/—1, then there exists a € Qz(i) such that M = Qx(i, /). Let
o be a generator of Gal(M/Qz). Then o generates the Galois group Gal(M/Qa(7)), so we
have 02(y/a) = —y/a. The element 8 = o(y/a)/+/a now satisfies

o?(y/a) 1

of=——-—"=—— and a%(B) = B,

@) B 7
so 3 is in Qa(7) and has norm Nq,u)/q.(8) = fo(B) = —1. However, it is easy to see that
—1 € Qy cannot be a norm from Qy(z). If this were the case, there would be an element

x + 1y € Zsy[i] such that 22 + > = —1, and this cannot happen since squares in Z, are

congruent to 0 or 1 modulo 4Zs,. O

If L/Q is abelian, the smallest integer n for which L is contained in the n-th cyclotomic field
Q(¢,) is known as the conductor of L.

The Kronecker-Weber theorem gives us a very explicit description of the maximal
abelian extension Q® of Q. It is the field Q((s) obtained by adjoining all roots of unity in
an algebraic closure of Q to Q. Its Galois group over @Q is the profinite group

Gal(Q(¢x)/Q) = lim Gal(Q((,)/Q) = lim(Z/nZ)" = Z*

of units in the ring of profinite integers Z.

EXERCISES.
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§6: The Kronecker-Weber theorem

. (Artin-Schreier theory.) Let K be a field of chracteristic p > 0 with maximal abelian extension
K® and define the map g : K* — K2 by o(z) = 2P — 2. Prove that there is a bijection

(KCcLcK*:Gal(L/K)P =1} S {p[K]cW C K}

between abelian extensions L of K of exponent dividing p and subgroups W C K containing
o[K] that sends an extension L to the subgroup p[L] N K and a subgroup W C K to the
extension L = K(p~'W). If L corresponds to W, show that there is an isomorphism

Gal(L/K) — (W/p[K])" = Hom(W/p[K], Fy)

under which ¢ € Gal(L/K) corresponds to the homomorphism w — o (p~!(w)) — o~ (w).

. Show that an abelian extension K/Q is ramified at p if and only if p divides the conductor,
and that it is wildly ramified at p if and only if p? divides the conductor.

. Let K be a quadratic number field. Show that K has an abelian extension that is not
cyclotomic. *Is the same true for arbitrary number fields K # Q?

. Let K be a field of characteristic different from 2 and L/K a quadratic extension. Show
that there exists an extension M/L such that M/K is cyclic of degree 4 if and only if
—-1e NL/K[L*]

. Show that the conductor of an abelian number field K divides the discriminant Ag, and that
it is equal to |Ax| when K is quadratic.

. Show that for K = Q2((4), the subgroup W C K* consisting of elements o« € K* for which
the extension K (/) is abelian over Qg is equal to

WK = (¢4) x (14 4¢4),

and that the extension K C K(v/C4) = K((16) is totally ramified and the extension K C
K (v/1+ 4¢4) is unramified. How does case C of theorem 6.2 follow from this?
[Hint: show that a € W if and only if Nk ,q,(a) € K NQs = (—4) x (1+16Z5).]
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LITERATURE

In addition to the texts mentioned in Number Rings, there are a few texts covering valuation

theory and/or class field theory that are recommended.

1. F. Gouvea, p-adic Numbers, Springer Universitext, 1993.
2. J. W. S. Cassels, Local fields, London Mathematical Society Student Text 3, Cam-

bridge, 1986.

. E. Weiss, Algebraic number theory, McGraw Hill, 1963. Chelsea reprint 1976.

The first few chapters give a very clear account on valuation theory.

. E. Artin, Algebraic numbers and algebraic functions, Gordon and Breach, 1967.

Develops valuation theory both for number fields and function fields, thus stressing
their similarity.

. N. Koblitz, p-adic numbers, p-adic analysis and zeta-functions, Springer GTM 58, 1977.

Careful introduction to p-adic numbers and functions, with several numerical examples.

. J.P. Serre, Corps locaux, Hermann, 1962. English translation: Local fields, Springer

GTM 67, 1979.
The basic reference on local fields. No formal groups.

. J.W.S. Cassels, A. Frohlich (eds), Algebraic number theory, Academic Press, 1967.

Proceedings of a 1967 instructional conference. Contains cohomological class field the-
ory and accounts of then new developments on formal groups and class field towers.

. E. Artin, J. Tate, Class field theory, Benjamin, 1967. Reprinted as Addison-Wesley

‘advanced book classic’, 1990.
Notes of the 1951-52 Princeton seminar on class field theory that led to the cohomo-
logical set-up of class field theory. Still very useful.

. J. Neukirch, Algebraische Zahlentheorie, Springer, 1992.

Contains class field theory in Neukirch’s own axiomatic set up and an extensive chapter

on zeta functions and L-series.
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P-adic valuation, 15
p-adic valuation, 13
p-adic, 7

absolute value, 8

affine curve, 17

approximation theorem, 12, 14
archimedean, 9

coefficient field, 24
compactification, 17
completion, 7, 20

complex function theory, 7

decimal expansion, 7

degree valuation, 15, 17
discrete topology, 11

discrete valuation ring, 14-16

equivalent valuations, 11
exponential valuation, 16, 18
extending primes, 33
extension valuation, 33, 34

finite prime, 13
function field, 17
function fields, 7

Gauss’s lemma, 19
global field, 26

Hensel, 7
Hensel’s lemma, 27
holomorphic function, 7

inertia field, 46, 47

infinite prime, 13, 17

integral basis, 37

intermediate value theorem, 27

Laurent series, 7
local field, 26

local parameter, 15
local ring, 14

local variable, 7
locally compact, 26

maximal unramified extension, 46
meromorphic function, 7

monogenic, 38

Newton iteration, 27, 29, 31
non-archimedean, 9, 10
non-archimedean prime, 17
norm, 8, 10

of a valuation, 8, 10

order, 7

of vanishing, 7
Ostrowski, 13
Ostrowski’s identity, 22

place, 13

point at infinity, 17

prime, 13

prime divisor, 13

product formula, 13, 17, 19, 23, 32
projective curve, 17

projective line, 17

ramification index, 36
rational function field, 8
residue class degree, 36
residue class field, 14

simple zero, 7

Teichmiiller representative, 30
topological field, 11
Tréagheitskorper, 46

triangle inequality, 9, 10
trivial valuation, 9, 11

ultrametric inequality, 9

uniformizer, 15

valuation, 7, 8
valuation ring, 14
valuation topology, 11
value group, 8
of a valuation, 8
vector norm, 33
equivalence, 33, 34
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